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Senior league
5. We call an infinite sequence of real numbers progressive, if for each positive

integer n there is a positive integer k such that an + ak = an+k. Prove that every
numbers a1, a2, . . . , am (in this order) are m initial terms of some progressive sequence.

(A. Golovanov)

6. We call a positive number unary, if its fractional part is 1
m

for some integer m.
Let q be a rational number. Prove that if qk is unary for every positive integer k then
q = 1

n
for some positive integer n.

(A. Golovanov)

7. Some flies sit on the faces of a cube (in inner points). Two spiders, Spike and
Dyke, play the following game. The spiders take turn, Spike starts the game. In a
move, a spider chooses a vertex of the cube and eats any number of flies (at least one
in total) from the faces adjacent to this vertex. The player that cannot move loses. In
the beginning the numbers of flies on the faces are 20, 21, 22, 25, 27, 29, as shown in
the figure. Which spider has a winning strategy?

20 21 22 25
27

29 (B. Kadam, A. Shaiju)

8. Vectors #–x , #–y , #–z ∈ R3 satisfy

∥ #–x∥ · ∥ #–y ∥+ ∥ #–z ∥ · ∥ #–x + #–y + #–z ∥ = ∥ #–x + #–z ∥ · ∥ #–y + #–z ∥.

Prove that these vectors are parallel to the same plane.
(N. El Idrissi, H. Zoubeir)

Junior League
5. All positive rational numbers are coloured in two colours so that x and

√
x have

the same colour for each x (if
√
x is rational). Prove that there are two numbers with

difference 1 of the same colour.
(A. Golovanov)

6. For which positive integers n > 1 the following statement is true: if several unit
squares without common sides or vertices are removed from n× n table, then the rest
can always be cut into dominoes and “corners” made of three unit squares? (It is not
necessary to use both types of figures.)

(S. Berlov)

7. In a triangle ABC, AM is the median. The point D on the segment BM satisfies
AB = AD. Circle ω passes through B and D, touches the segment AM at X, and
meets the segment AB at Y . Prove that X, Y , and C are collinear.

(A. Tetreshin)

8. 15 positive integers are given. It is known that the sum of every 11 of these
integers is divisible by at least one of the numbers 5 and 7. For which maximum k it
follows that one of the numbers 5 and 7 divides at least k of these 15 numbers?

(A. Golovanov)
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SOLUTIONS

Senior League

5. Consider the sequence that begins with a1, a2, . . . , am and in which
every subsequent term is defined by an = an−m + am. We show that
this sequence is progressive. Indeed, for any n ≥ 1, take k = m. By
construction, an+m = an + am, as required.

6. Observe that a number is unitary if and only if the numerator in
its reduced representation is congruent to 1 modulo the denominator. Let
q = n

m , where the fraction is irreducible. We know that nk ≡ 1 (mod mk)
for every k. We must prove that n = 1; suppose otherwise.

Consider the greatest power of the denominator that divides n − 1,
that is, an integer s such that n − 1 is divisible by ms but not by ms+1.
By our assumption, ns+1 ≡ 1 (mod ms+1). Therefore, ns+2 ≡ n ̸≡ 1
(mod ms+1), contradicting the condition ns+2 ≡ 1 (mod ms+2).

7. Answer: Spike wins.
Spike’s strategy is as follows. On his first move, he makes equal the

numbers of flies on every pair of opposite faces. To do this, in each pair he
chooses the face containing more flies and eats as many flies as necessary.
Since the three chosen faces are pairwise non-opposite, they have a common
vertex, and hence this move is legal.

After that, Spike maintains the position in which opposite faces contain
equal numbers of flies by making moves centrally symmetric to Dyke’s
moves.

8. Construct a tetrahedron ABCD such that
#    –

AB = #–x ,
#    –

BC = #–z ,
and

#    –

CD = #–y . Then #–x+ #–z =
#    –

AB+
#    –

BC =
#    –

AC, #–z + #–y =
#    –

BC+
#    –

CD =
#    –

BD,
and #–x + #–y + #–z =

#    –

AB +
#    –

BC +
#    –

CD =
#    –

AD. Thus, the condition can be
rewritten as

AB · CD +BC · AD = AC ·BD.

In the plane ABC, consider a point D′ such that triangles ADC and AD′C
are congruent and points B and D′ lie in different half-planes with respect
to AC. We check that BD′ ≥ BD, with equality only when D = D′.
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Let T be the intersection point of segment BD′ and line AC. Since
triangles ACD and ACD′ are congruent, we have TD = TD′. Therefore,
BD′ = BT + TD′ = BT + TD ≥ BD by the triangle inequality, with
equality only when points B, T , and D are collinear in this order, which is
equivalent to D = D′.

A

C
T

D′

B

D

Consider quadrilateral ABCD′. By Ptolemy’s inequality,

AC ·BD′ ≤ AB · CD′ +BC · AD′ = AB · CD +BC · AD = AC ·BD.

Therefore, either AC = 0, or BD = BD′. In both cases, the four points
are coplanar, which is equivalent to the linear dependence of the original
vectors.

Junior League

5. Suppose the contrary. Consider the numbers 1
2 and 3

2 . Their differ-
ence is 1, so they have different colours. Consider their squares, 1

4 and 9
4 .

These also have different colours, since a number has the same colour as
its square. But then one of them has the same colour as 5

4 . However,
9
4 −

5
4 = 1 = 5

4 −
1
4 , a contradiction.

6. Answer: all even n.
C a s e 1. Suppose that n is even. Partition the board into 2×2 squares.

At most one cell has been removed from each such square. If one cell has
been removed, the remaining part is an L-tromino, and no further cutting
is needed. If no cell has been removed, the square can be divided into two
dominoes.

C a s e 2. Suppose that n is odd. Remove from the second row all cells in
odd-numbered positions. Then it is impossible to cover even the first row
by dominoes and L-trominoes. Indeed, suppose otherwise, that is, suppose
the first row has been covered. Since the length of the row is odd, there
must be a tile covering an odd number of its cells. An L-tromino cannot
be placed in this way, so the tile must be a vertical domino. Consider the
first vertical domino. It must occupy an odd-numbered position, which is
impossible because the odd-numbered cells in the second row have been
removed.
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7. We prove the equality ∠CXM = ∠AXY , from which the required
statement immediately follows. Let Z be the reflection of X in M . Then
CXBZ is a parallelogram. Hence ∠CXZ = ∠XZB. Since the line AX
is tangent to the circle (XY B), we have ∠AXY = ∠ABX. It remains
to verify that ∠ABX = ∠AZB, which is equivalent to the similarity of
triangles AXB and ABZ. This, in turn, is equivalent to the relation

AB2 = AX · AZ. (∗)
A

C
M

Xγ

B
D

Y

Z

O

ℓ

Let γ be the circle with diameter XZ. Observe that the power of point
A with respect to γ is AX ·AZ, while the power of point A with respect to
the circle (B) is AB2, where (B) is the circle of radius zero centred at B.

We show that the radical axis ℓ of the circles γ and (B) is the perpendic-
ular bisector of segment BD; relation (∗) will then follow immediately. Let
O be the centre of the circle (XY BD). Since AX is tangent to (XY B),
we have OX ⊥ XZ. Therefore, the line OX is tangent to the circle γ,
and the power of O with respect to γ is OX2 = OB2. Hence point O lies
on the radical axis ℓ. On the other hand, M is the centre of the circle γ,
so the radical axis ℓ is perpendicular to the line BM . The line through O

perpendicular to BM is precisely the perpendicular bisector of segment
DB, as required.

8. Answer: 13.
C o n s t r u c t i o n. Take the numbers 5, 30, and thirteen further numbers

equal to 7. If we choose eleven copies of 7, their sum is divisible by 7. The
sums 10 · 7 + 5 and 10 · 7 + 30 are divisible by 5, while 9 · 7 + 5 + 30 is
divisible by 7.

L ow e r b o u n d. Step 1. We show that the collection contains two
numbers a and b that have different residues both modulo 5 and modulo 7.
Suppose otherwise: assume that any two numbers are congruent modulo
at least one of these moduli.

Choose an arbitrary number x from the collection. Every other number
must have the same residue as x modulo at least one of 5 and 7. If not
all the numbers have the same residue modulo 5, there exists a number a
whose residue modulo 5 differs from that of x and whose residue modulo 7
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is therefore the same as that of x. If not all the numbers have the same
residue modulo 7, there exists a number b whose residue modulo 7 differs
from that of x and whose residue modulo 5 is therefore the same as that
of x. But then a and b have different residues both modulo 5 and modulo 7,
a contradiction.

Thus, all the numbers must be congruent modulo one of the two moduli.
Without loss of generality, suppose that they are congruent modulo 5. If
they are all divisible by 5, we are done. If they are not divisible by 5,
then the sum of any eleven of them is not divisible by 5, and hence is
divisible by 7. In this case, all the numbers must be congruent modulo 7
and, moreover, must have residue zero. In either case, all the numbers are
divisible by one of 5 and 7.

Step 2. Call the numbers other than a and b ordinary. We show that
the ordinary numbers have at most two distinct residues modulo 35.

First choose any ten ordinary numbers and let their sum be s. The
numbers s + a and s + b are incongruent both modulo 5 and modulo 7,
by the choice of a and b. At the same time, each is the sum of eleven of
the given numbers, and hence each is divisible by 5 or by 7. There are
therefore two possibilities: s+a is divisible by 5 and s+ b is divisible by 7,
or vice versa.

In either case, the sum of the ten numbers has a fixed residue modulo 5
and a fixed residue modulo 7, and therefore a fixed residue modulo 35.
Thus, there are only two possible residues modulo 35 for the sum of ten
ordinary numbers. Denote these residues by r and t.

We now prove that the ordinary numbers themselves have at most two
residues modulo 35. Take two ordinary numbers x and y. There exist two
sets of ten ordinary numbers differing only in these two numbers. Compar-
ing their sums, we obtain one of the following congruences:

x− y ≡ 0, x− y ≡ r − t, x− y ≡ t− r (mod 35).

Suppose that the ordinary numbers have three distinct residues x, y, z.
Without loss of generality, assume that x−y ≡ r−t (mod 35) and x−z ≡
t−r (mod 35). But then z−y ≡ 2r−2t (mod 35), which is not congruent
modulo 35 to either r − t or t − r, a contradiction. Thus, there are only
two residues; call them x and y.

Step 3. We show that one of the residues x and y appears at most once,
unless we have already found thirteen numbers divisible by one of our two
primes. Suppose otherwise, so that each residue appears at least twice.

Choose eleven numbers by omitting a, b, and two numbers having
residue x from the original collection. Let their sum be S. Replace one
number having residue y by one of the omitted numbers having residue x;
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this gives another set of eleven numbers, with sum S − y + x. Repeating
this replacement once more gives a sum S − 2y + 2x.

Each of these three sums is divisible by 5 or by 7. Therefore, two of
them are divisible by the same p ∈ {5, 7}. Since p is an odd prime, it
follows in every case that x − y is divisible by p. All three sums are then
congruent to 11x modulo p, and hence x and y are divisible by p. Thus,
we have found thirteen numbers divisible by p.

Step 4. We show that there are always thirteen numbers divisible by
one of our two primes. We already know that the residues modulo 35 of
the original collection have the form a, b, x, and twelve copies of y.

Take eleven numbers having residue y. Their sum is divisible by 5 or
by 7; suppose, for definiteness, that it is divisible by 5. Then y is divisible
by 5.

Now consider the sums 10y+a and 10y+b. They have different residues
both modulo 5 and modulo 7, so one is divisible by 5 and the other by 7.
Since y is divisible by 5, one of a and b is divisible by 5. We have therefore
found 12 + 1 = 13 numbers divisible by 5. The case in which y is divisible
by 7 is analogous.
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