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Senior league
1. There are n cities in Eastasia, some of them are connected by direct two-way

flights. It is possible to fly from any city to any other with no more than one transfer.
Let dk be the number of cities connected with k-th city by direct flights. Prove that

d21 + d22 + . . .+ d2n ≥ n(n− 1). (A. Devillers et al. )

2. Points C1 and B1 lie on the legs AB and AC respectively of a right triangle
ABC so that the midpoint of B1C1 is equidistant from B and C. The lines BB1 and
CC1 intersect at P and meet the circumcircle of ABC at B2, C2 respectively. Point Q
on the circumcircle is such that AQ ⊥ PQ. The half-line QP meets the segment BC at
R. Prove that the circle passing through B2, C2, and R, contains the midpoint of BC.

(ALEPH/A. Ruban1)

3. Positive numbers a, b, c, d satisfy the inequalities a2+b2 ≤ 1 and (c2 + d2)2 +
2c2d2 ≤ 1. Prove that

a2c2 + b2d2 +
2

3
(ad+ bc)2 ≤ 1. (A. Kulikov)

4. The Sultan informed two sages that tomorrow he would place k + 4 glasses
along the edge of a round table, four of them with wine and the rest with poison. It
is impossible to distinguish one from the other by sight. The sages will have to drink
four glasses taking turns (first — second — first — second). The glasses will be filled
in the presence of the first sage, thus he will know where the poison is. However, after
that he will not be permitted to give any information to the second sage; that is, the
second sage will only know what glasses the first one drank. The sages can coordinate
their actions today. What is the maximum k such that the sages can certainly drink
the four glasses with wine?

(K. Knop)

Junior League
1. Solve the equation

(m2 + 3)3 = (n3 + 7)2

in positive integers. (A. Golovanov)

2. In an acute triangle ABC, the bisector BL is drawn. The points P and Q are
projections of L onto AB and BC, respectively. The points X and Y are projections of
A and C, respectively, onto BL. Prove that the lines PY and QX meet on the side AC.

(A. Volkova)

3. Positive numbers a, b, c satisfy 2abc = 1 + a+ b+ c. Prove the inequality

a2

(b+ 1)2
+

b2

(c+ 1)2
+

c2

(a+ 1)2
≥ 1. (S. Berlov)

4. Each of two piles contains 10 coins. In the first pile, two coins are counterfeit,
in the second pile, one. All genuine coins have the same weight; all counterfeit coins
are lighter and also have the same weight. Is it possible to find 9 genuine coins in two
weighings on scale?

(K. Knop)
1ALEPH — a community of authors of mathematical olympiad problems

https://aleph-problems.com
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SOLUTIONS

Senior League

1. Consider the graph whose vertices are the cities, with two vertices
joined by an edge whenever there is a flight between the corresponding
cities. For a vertex vk, the number d2k is the number of oriented two-edge
paths of the form uvkw, where u = w is allowed. Thus, the sum on the
left-hand side is equal to the total number of oriented two-edge paths of
the form uvw, where u = w is allowed.

The right-hand side n(n− 1) is the number of ordered pairs of vertices
(u,w). Let us assign two-edge walks to these pairs according to the follow-
ing rule. If vertices u and w are not adjacent, then it is possible to travel
from u to w with one change of planes at some vertex v, and we assign the
two-edge path uvw to this pair.

If vertices u and w are adjacent, we assign the path uwu to the pair
(u,w). Clearly, distinct paths are assigned to distinct pairs, although some
paths may not be assigned to any pair. The required inequality follows.

2. Apply Menelaus’ theorem to triangle ACC1 and the line BPB1:

CB1

B1A
· AB

BC1
· C1P

PC
= 1.

Project all the given segments onto the line BC; their ratios are preserved.
Let Ha, Hb, Hc, and Hp be the projections of points A, B1, C1, and P ,
respectively, onto the line BC. We obtain

CHb

HbHa
· HaB

BHc
· HcHp

HpC
= 1.

Let M be the midpoint of side BC. Since the midpoint of segment B1C1

is equidistant from points B and C, points Hb and Hc are symmetric with
respect to point M , and hence CHb = BHc. Cancelling these factors and
rewriting the equality, we obtain

HcHp

HpC
=

HbHa

HaB
.

Observe that the segments CHc and BHb are equal and are divided by
points Hp and Ha in the same ratio. Therefore, BHa = CHp; in particular,
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points Ha and Hp are symmetric with respect to point M . Let the ray HpP
meet the circle (ABC) at point Q′. By symmetry, AHaHpQ

′ is a rectangle,
and hence ∠AQ′P = 90◦. Since the point on the circle (ABC) satisfying
this condition is unique, Q = Q′, and therefore Hp = R.

Since point M is the centre of the circle (ABC), point M lies on the
perpendicular bisector of segment B2C2. On the other hand, ∠CB2P =
∠CRP = ∠PC2B = 90◦. Therefore, the quadrilaterals CB2PR and
BC2PR are cyclic, and consequently

∠PRB2 = ∠PCB2 = ∠C2CB2 = ∠B2BC2 = ∠PBC2 = ∠PRC2,

where the middle equality follows from the cyclicity of quadrilateral CB2C2B.
Thus, the lines RQ and RM are the internal and external angle bisectors of
angle C2RB2, respectively. It follows that point M lies on the circumcircle
of triangle B2RC2 as the intersection of the perpendicular bisector and the
external angle bisector.

3. Clearly, we may assume that equality holds in both constraints. For
brevity, put c2 = u and d2 = v. Then

u2 + 4uv + v2 = 1. (∗)

Also make the substitution a = cosα, b = sinα, and then use the estimate
A cos 2α + B sin 2α ≤

√
A2 +B2. The expression on the left-hand side is

then estimated as follows:

1

3

(
(3u+ 2v) cos2 α + (2u+ 3v) sin2 α + 4

√
uv cosα sinα

)
=

=
1

3

(5u+ 5v

2
+

u− v

2
cos 2α + 2

√
uv sin 2α

)
≤

≤ 5u+ 5v

6
+

1

3

√(u− v

2

)2

+ 4uv =
5u+ 5v

6
+

1

6

√
u2 + v2 + 14uv =

=
5(u+ v)

6
+

1

6

√
6− 5(u+ v)2,

where the last equality was obtained modulo relation (∗). Using differentia-
tion, we verify that the function f(t) = 5t+

√
6− 5t2 attains its maximum

at t = 1. This is exactly what was needed to complete the proof.

4. Answer: k = 3.
U p p e r b o u n d. Suppose there are n glasses altogether. There are

C4
n possible arrangements of the good glasses, and the actions of the first

sage must be different in all these cases. The first sage chooses two glasses
in a certain order, so there are only n(n− 1) possible sequences of moves.
Therefore, the inequality n(n−1) ≥

(
n
4

)
must hold, which is false for n ≥ 8.
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C on s t r u c t i o n. We show that when k = 3, the sages can act in such
a way as to guarantee that they drink from the good glasses. There are(
7
3

)
= 35 possible arrangements of the glasses around the circle. Since 7

is prime, an arrangement can be invariant under a cyclic shift only if it
consists of 7 good glasses or 7 bad glasses, and these cases are not under
consideration. Therefore, all arrangements split into groups of 7 differing
by cyclic shifts. Write down one representative from each group:

0001011, 0010101, 0011010, 0011001, 0011100,

where 0 denotes a glass containing wine and 1 denotes a glass containing
poison.

The strategy of the sages is as follows. On his first move, the first sage,
knowing the arrangement, determines which of the five groups it belongs
to and chooses the glass that is the first one in the selected representative.
The second wise man takes the next glass clockwise, which is the second
glass in the representative. In each selected sequence, the first two glasses
are good, so these moves are permissible. After these two moves, one of
the following five sequences remains:

01011, 10101, 11010, 11001, 11100.

Observe that in the first sequence the first glass is good, in the second
sequence the second glass is good, and so on through the fifth. The first sage
then takes the glass whose number is equal to the number of the sequence,
thereby communicating all the necessary information to the second sage.

Junior League

1. Answer: m = 1, n = 1.
Consider the number m2 + 3. It is a positive integer whose cube is a

perfect square. Therefore, the number itself is a perfect square. But the
only pair of squares whose difference is 3 is 1 and 4. Hence the only possible
value of m is 1. Then (n3+7)2 = (1+3)3 = 64, so n3+7 = 8, and n = 1.

2. Let H be the foot of the altitude drawn from vertex B. We prove
that this is the desired point. Without loss of generality, assume that
BC ≤ BA. Then point H lies on segment LC, point Y lies on segment
BL, point X lies on the extension of segment BL beyond point L, and
points P and Q lie on the sides of the triangle.

Since ∠BQL = ∠BHL = 90◦, points B, Q, H, and L are concyclic,
and therefore ∠CHQ = ∠CBL. Since ∠BXA = ∠BHA = 90◦, points
B, H, X, A are concyclic, and therefore ∠AHX = ∠ABL. We see that
∠CHQ = ∠CBL = ∠AHX = ∠ABL, where the middle equality follows
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from the fact that BL is the bisector. Hence points X, H, and Q are
collinear.

For the other triplet of points we have similarly

∠LHY = ∠LBC = ∠LBP = ∠LHP,

where the first and last equalities follow from the cyclicity of BYHC and
BPLH, respectively.

3. Use the inequality x2 + y2 + z2 ≥ xy + yz + zx, substituting the
expressions from the problem as the variables. We obtain

a2

(b+ 1)2
+

b2

(c+ 1)2
+

c2

(a+ 1)2
≥ ab

(b+1)(c+1)
+

bc

(c+1)(a+1)
+

ca

(a+1)(b+1)
.

it is enough to show that the right-hand side is at least 1:

ab(a+ 1) + bc(b+ 1) + ca(c+ 1)

(a+ 1)(b+ 1)(c+ 1)

?
≥ 1.

Multiply by the denominator and expand all the brackets. Since all the
numbers are positive, the resulting inequality is equivalent to the original
one:

a2b+ ab+ b2c+ bc+ c2a+ ca
?
≥ abc+ ab+ bc+ ca+ a+ b+ c+ 1.

Cancel the identical monomials and use the condition, replacing a+b+c+1
by 2abc. We obtain

a2b+ b2c+ c2a
?
≥ 3abc,

which follows from the arithmetic-geometric mean inequality.

4. We use the letter A for coins from the first pile and B for coins from
the second pile. For the first weighing, divide the piles as follows:

10A = 3A+ 7A, 10B = 4B + 6B.

First weighing:
3A+ 4B ∨ 7A .

C a s e >. If the left pan is heavier, then the group 3A contains no coun-
terfeit coins; otherwise, the left pan would contain at least one counterfeit
coin, while the right pan would contain at most one. Therefore, all the
coins in 3A are genuine. In the second weighing, we find at least 6 genuine
coins in the pile 10B: divide it as 10B = 3B + 3B′ + 4B and weigh

3B ∨ 3B′ .
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If this weighing gives the result “>”, then the counterfeit coin is in 3B′,
and we have obtained 3A + 3B + 4B, that is, 10 genuine coins. The case
“<” is analogous.

If this weighing gives the result “=”, then the counterfeit coin is in 4B,
and the groups 3A+ 3B + 3B′ contain 9 genuine coins.

C a s e =. Equality is possible only in the following situation: 3A con-
tains one counterfeit coin, 7A contains one counterfeit coin, all of 4B is
genuine, and 6B contains one counterfeit coin. We may ignore the smallest
group 3A and use the second weighing to find another 5 genuine coins.
This can be done as follows. Separate 2A and 5A from 7A, and divide 6B
into two groups 3B and 3B′. Perform the weighing

2A+ 3B′ ∨ 5A .

If this weighing gives the result “<”, then the group 5A is certainly
genuine; together with the genuine group 4B, this gives 9 genuine coins. If
it gives the result “=”, then 2A, 3B, and 4B are genuine, again giving 9
coins. If it gives the result “>”, then 2A and the other group of three coins
3B′ are genuine, again giving 9 coins.

C a s e <. There are exactly three possible types of distribution of the
counterfeit coins among the groups 3A, 7A, 4B, 6B: (1, 1, 1, 0), (2, 0, 0, 1),
and (2, 0, 1, 0). Separate 4A and 3A′ from 7A, and separate 5B and 1B
from 6B. Perform the weighing

4A+ 4B ∨ 3A′ + 5B .

If this weighing gives the result “<”, then the genuine coins are 3A′

and 6B, giving 9 coins altogether. If it gives the result “=”, then the
genuine coins are 4A and 5B, again giving 9 coins. If it gives the result
“>”, then 7A, 4B, and the remaining coin 1B are genuine, giving 12 coins
altogether. Thus, every possible outcome produces at least 9 genuine coins.

8


