Pemenne 3agaum Ne3 (HeOXHOPOAHBIN HUIHHAP), CTAPUIAS JTUTA

3aady MOXHO PELIMTh B PaCIIMPEHHOM BapUaHTE:
ONPEACIATh COCTABIIAIOIINE PEaKLUUU IIJIOCKOCTH,
UX 3aBUCUMOCTH OT yria wi BpeMmeHu. Ho,

000i11€Mcs TOJIBKO CKOPOCTBIO U YCKOPEHHUEM OCH.
JenaeM pUCYHOK M BBOJAUM CHCTEMY KOOPAMHAT.
Cucremy mozenupyeM 0e3MaccoBbIM OOpydeM, Ha
KOTOPOM 3aKperjieHa MaTepHuaibHasi TOYKa Maccoi

M 1 MOMEeHTOM nHepuuu J (He oOpaliaeM BHUMaHHE

v

Ha IPpOTUBOPCUUC «MATCPpHAJIbHAA TOYKAa U MOMCHT

MHEpUUW») 3aady pellaeM B paMKax aOCOJIFOTHO

TBEPAOTO Telia, AeopMarsi OTCYTCTBYET.
YpaBHeHUs CBsI3U
xX=R-a
Xo = R(a + Sin(a))
¥o = R(1 + cos(a))
CxkopocTy U ycKOpeHHUsl (U3 ypaBHEHUMN CBSA3H)
X=R-a
%o = R(1 +sin(a)) - ¢
Yo = —R -sin(a) - a
31ech X - KOOpAMHATA LIEHTPa KoJieca, Xo, Yo - KOOPJAMHATHI IIEHTPA [IapUKa.
3aKOH COXpaHCHHUs SHEPTUH MPH TOBOPOTE HA HEKOTOPBIN Yo o

mgR - (1 — cos(a)) = mTRZ [(1 + cos(a))2 + sin(a)? + méz] -

[1lapyK JABMIKETCS IO ABYM HAIPABICHHUAM M BPAIIAETCS.
BBoanm enuHMYHbBIE TapaMeTpsl: lg = R; ag = g; tg = \/m
DHepreTHYECKOE ypaBHEHUE B O€3pa3MEPHBIX EPEMEHHBIX
2-(1-cos(a)) =[2(1 + cos(a)) +j] - &*

OrTcroa KBaapar yriloBOH CKOPOCTH

o 2 (1 — cos(a))

B 2(1 + cos(a)) +j

OueBHIHO, YTO MAKCUMYM YTIIOBOW CKOPOCTH (M COOTBETCTBEHHO MAaKCUMYM CKOPOCTH OCH
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Ecan M1 HCIIOJIB3YEM 3HAYCHHC MaKCHMaJILHOM CKOpPOCTH OCH HUIMHApPA, TO
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CKOpOCTh OCH IWJIMHAPA KaK QYHKIUS KOOPIUHATHI

. 2-(1—cos(x/R))
*= \/g_R 2(1+ cos(x/R)) +j

[Tpon3BoiHas KBajpaTa yriioBOW CKOPOCTH MPUBOJIUT K (POPMYJIE YIIIOBOI'O YCKOPEHUS




sin(a)

(2(1 + cos(@)) +j)2
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JIist oTnipeieNieHnst MaKCMMyMa 3TOM (QyHKIUH yrpocTuM eé 3amenoii j = 2(f8 — 1). Iocie

npeoOpa3oBaHUs

. @+p)  sin(a)
a= 2
2 (ﬁ’ + cos(a))

bynem nckate MakcuMyM KBajipata (pyHKINUN

Ero obmee pemenne

) 1—x?
X)) = —
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I'ne x = cos(a). MeTo MpoOU3BOAHOM IPUBOIUT K YPABHEHHIO
x2—Bx—2=0
+B?+8
x = cos(a) = %

BriOupaem oTpuiiaTenbHbIid KOPEHb (Yrojl JODKeH ObITh Oouibliie 11/2)
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x = coS(@)max =

OTa BelnuyuHa U onpeaAc/BEICT MAKCUMAJIbHOC 3HAUCHHUC YITIOBOI'O YCKOPCHHUA U COOTBETCTBCHHO

MaKCUMYM YCKOpeHUs ocu lunHApa. PopMynna yCKOpEHHUs OCH LUIMHAPA B Pa3MEPHOM BUJE

sin(a)

(2(1 + cos(a)) +j)2 9

=4+

3agaya 3. HeoqHOpOaHBII HUIMHAP

No | Kpurepun bayuer

1 | Hamwmcano o6mas popMyiia KHHETHYECKOHN dHEpTruu 1uinuHapa (3), 1o 2
a”asornuHas popmysa (reopema Kénura).

2 | Hammucana ckopocTh IIEHTpa Macc B 3aBUCUMOCTH OT CKOPOCTH IIEHTpa 2
IUIMHIpA U yIJIa TIOBOPOTA.

3 | IlpaBmiibHO MCIIOIH30BAH 3aKOH COXPAHEHUS SHEPTHH. 2

3 | BbiBoj 3aBUCHMOCTH CKOPOCTH V(X) OCH IMJIMH/IPA. 2

4 | BeiBog MaKCHMAIILHOTO YCKOPEHUS Ag. 2




Solution of problem No. 3 (Inhomogemious cylinder), senior league

The problem can be solved in an extended version: to determine plane’s reaction components, their
dependence on angle or time. But we will manage only with the speed and acceleration of the axis.
A drawing is made and a coordinate system is entered. We model the system with a massless hoop,
on which the material point with mass m and moment of inertia J (we do not pay attention to the
contradiction “material point and moment of inertia”). We solve the problem within the framework
of an absolutely rigid body, deformation.
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Link equations
x=R-«a
Xo = R(a + Sin(a))
¥o = R(1 + cos(a))

Velocities and accelerations (from the coupling equations)

X=R-a
%o = R(1 +sin(a)) - ¢
Yo = —R -sin(a) - a

Here x - is the coordinate of wheel’s center, Xo, Yo - are the coordinates of the ball’s center.
The energy conservation law when turning through a certain angle «

mgR - (1 — cos(a)) = mTRZ [(1 + cos(a))2 + sin(a)? + ﬁ] -
Ball moves in two directions and rotates.
We enter single parameters: [ = R; ag = g; to = /R/g
Energy equation in non-dimensional variables
2-(1—cos(a)) = [2(1 + cos(a)) +j] - &2
Where j = mizz. Hence the square of the angular velocity
o, 2 (1 - cos(a))
2(1 + cos(a)) +j
Obviously, maximum angular velocity (and, accordingly, maximum velocity of the cylinder
axis)ata =m
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If we use the maximum speed value of the cylinder’s axis, then
2
dzmax = i = v_ N ] = R_g
Jj Rg v?

Cylinder axis velocity as a function of coordinate

. 2-(1—cos(x/R))
*= \/g_R\/Z(l + cos(x/R)) +j

The derivative of the square of angular velocity leads to angular acceleration formula
sin(a)

(2(1 + cos(@)) +j)2

To determine the maximum of this function, we simplify it by replacing j = 2(8 — 1). After

conversion

a=(4+j)

. @+p)  sin(a)
a= 2
2 ([)’ + cos(a))

We will look for the maximum square of function
1—x?
f(x) G0t
Where x = cos(a). Derivative method leads to the equation
x2—Bx—2=0

Bt+B*+8
2
We choose the negative root (angle must be greater than n/2)
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This value determines the maximum value of angular acceleration and, accordingly, the
maximum acceleration of the cylinder axis. The formula for the acceleration of the cylinder axis
in dimensional form

It’s a general solution

x = cos(a) =

x = cos(@)max =

sin(a)

V(44 _
£=@4)) (2(1 + cos(a)) +j)2 I

Problem 3. Inhomogeneous cylinder

Ne | Criteria Points

1 | General formula for cylinder’s kinetic energy (3) or a similar formula (Konig's 2
theorem) is written.

2 | Speed of the center of mass is written depending on the speed of the center of 2
the cylinder and the angle of rotation.

3 | Energy conservation law is correctly applied. 2

3 | Derivation of the dependence of speed v(x) of the axis of the cylinder. 2

4 | Maximum acceleration output a,. 2




