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XXIV MexaynapoaHasi oquMmnuaga «Tyiimaanga»

Ezxeromno B miose B cromune Pecriy6mmkn Caxa (fxyTtus) — ropome fAxyrek — mpo-
xomuT Mexk/IyHapo/iHas OJIUMIIna1a MKoIbHUKOB « Tyiimaanas 1o ¢pusuke, MmareMaTuke,
nadopmaruke u xumun. Oymmvnuany opranmsyer Muuucrepcrso obpasosanua PC ()
u Cesepo-Bocrounbiii dbenepanbhbiii yausepcurer um. M. K. Ammocosa na 6a3e dpusuko-
marTemarudeckoro dopyma «Jlenckmit kpaii». B pasubie ronpl B osimMnajie IpUHIMAIIN
ydgacTue mMKOJbHUKKA u3 Azepbaiimkana, Benbrun, Boarapuu, [epmanun, Kasaxcrana,
Kuras, Keipremscrana, Mekcuku, Mourosinu, Pymbinun, CIITA | Tannanga, Typuun, @pan-
unn, FOxnoit Kopen n, koneuno, 3 pa3ubix pernoHos Poccun, Britouast Mocky, CankT-
IleTepbypr, Yensouuck u apyrue ropomga. Takxke B «TyiiMaane» peryasipHO yIacTBYIOT
weHbl cO0pHOM Poccun u mpu3éphl 3aKTIOUNTETHLHOTO dTana Beepoccniickux ommMmua.

CorytacHO JIefICTBYIOIIEMY ITOJIOXKEHUIO OJIMMIINA/A 110 (PU3UKe BKIIIOYAET B cebsl J1Be
JINTH: CTapPIIyIO W MJIAANIyI0. B crapimeil jure mpuHNMAIOT yIacTHE YUAIUECsS BBITYCK-
HOT'O W IPEJIBBIIIYCKHOIO KJIACCOB, 8 B MJIAJIIEHl — BCE OCTAJIbHbIE IIKOJIBHUKU. 3aadu
cTaplIeil JIUT'H 110 IPOrpaMMe U CJIOZKHOCTU COOTBETCTBYIOT MeK1yHapo1HOi pusndecKoit
onmMmIMae, a 3amaqn miasmeit aurn — 10 kmaccy Beepocenitckoit omummuaast. B kaxk moit
JITe MIPOBOJSATCS J[BA Typa: TEOPETUIECKUN M 9KCIIEPUMEHTAJIBHBIH.

XXIV International olympiad "Tuymaada"

Every year in July in the capital of the Republic of Sakha (Yakutia), the city Yakutsk,
the International School Physics, Mathematics, Informatics and Chemistry Olympiad
«Tuymaada» takes place. The Olympiad is organized by the Republic Sakha’s (Yakutia)
Department of Education and North-Eastern Federal University n.a. M.K. Ammosov
on the base of the physico-mathematical forum «Lensky District>. In different years
students from Azerbaijan, Belgium, Bulgaria, China, France, Germany, Kazakhstan,
Kyrgyzstan, Mexico, Mongolia, Romania, South Korea, Thailand, Turkey, the USA
and, of course, from different regions of Russia, including Moscow, Saint-Petersburg,
Chelyabinsk and other cities, took part in the Olympiad. Also members of Russian
national team and prizewinners of final stage of All-Russian Olympiads regularly
participate in «Tuymaadas.

According to current regulations, Physics Olympiad includes two leagues: senior league
and junior league. Students of graduation and pre-graduation classes participate in senior
league, all the other school students — in junior one. Senior league problems correspond
in programm and difficulty to those of International Physics Olympiad, junior league
problems — to those of 10th class of All-Russian Olympiad. In each league two rounds
are held: theoretical one and experimental one.
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Maagimmas jgura

3agaua 1. [Tapsl ¢ mosocTsamMu

Ilepssrit map U3roToOBJIEH U3 OJHOPOIHOIO MaTepHasa IJIOTHOCTHIO 20 U UMe-
eT Mmapoodpa3Hyo MOJOCTh PAINycoM R, IpaHniia KOTOPO IIPOXOIUT depe3 IEHTP
mapa U KacaeTcs MOBEPXHOCTH Imapa. BTopoil map M3roToBjeH U3 OJHOPOJIHOTO
MaTepraJja IJIOTHOCTHIO p U UMEET IMAapOooOPa3HyI0 MOJI0CTh pajanycoM 2R, rpaHu-
11a KOTOPOil IIPOXOJUT UYepe3 IEHTP Iapa U Kacaercd nosepxuHocTu mapa. Ilapsbr
PAacCIIOJIOZKEHDBI TaK, YTO U OHU KacaloTcd JpYyr JApyra, U UX IOJOCTUA KacaloTcd ApyTr
apyra. Haiiure cuiy F' rpaBUTAIlMOHHOIO IPUTSXKEHUSA MEXKY HIAPaMU.

3amaua 2. l'opka u aBa rpysa

Ha rajikoif ropu3oHTAIBHON MJIOCKOCTH MTOKOUTCSI TOPKA, MOBEPXHOCTH KOTO-
poit ¢ 0benx CTOPOH IJIABHO COMPSIZKEHA, ¢ IIOCKOCTHI0. K ropke Ha OMHAKOBOI
BBICOTE IIPUKPEIIEHBI JIBA OJMHAKOBBIX I'PY3a, Macca KayK/I0ro 3 KOTOPHIX B [ a3
MEHbIIIE MacChl TOpKU 0e3 rpy30B. CrepBa MepBbIil I'PY3 OTPHIBAETCS U COCKAJIb-
3bIBAET BJIEBO, & 3aTeM, KOTJIa OH YK€ MEPECTAaéT KaCATbCs TOPKU, OTPHIBAETCS
U COCKAJB3bIBAET BIIPABO BTOpOI I'py3. B mporecce JaBUKEHUS IO TOPKe I'Py3bl
HE TMOJIITPBITUBAIOT, a ITOCJIE€ COCKAJIb3bIBAHUS JIBUZKYTCS TTOCTYIIATETHHO.

1. Haiizure orHommenue vs/vq CKOpOCTEHl COOTBETCTBEHHO BTOPOI'O U IIEPBOIO
IPY30B OTHOCHATEIHHO IIJIOCKOCTH IIOCJIE TIPEKPAIICHI UX KOHTAKTA C TOPKOIi.

2. Ilpu Kakux 3HAYEHUSX (L TOPKA JIOTOHUT TEPBBIA Tpy37

3amaya 3. Kpyrosoii rimki

OHoaToMHBINH HAeaJbHBLIA a3 B KOJIUYECTBE UV = P
= 1 MOb coBepIIaeT MUKJIUIECKUN MPOIECC, MMEIONTNN
BUI OKpykHOCTH Ha PV-amarpamme B HEKOTOPOM Mac-
mrabe (puc. 1). B ka0l 13 BOCBMHU IPOHYMEPOBAHHBIX
TOYEK IpaduK KacaeTcs U30XOPbI, N300apbl, M30TEPMbI
win annabarel. VI3BeCTHBI KOJTMYECTBA TEIJIOTHI, KOTOPbI-
MH ra3 OOMEHHMBAJICS C OKPY2KAIONIMMHU TeJIaMi Ha KaK-
JoM 3 y4IacTkoB: Q2 = 7 Ix, Qo3 = 2 [k, Q34 =
=4 JIx, Qus = 11 Ik, Qs6 = 5 Ik, Q7 = 1 I,
Qrs = 3 Ix, Qs1 = 12 JIx. Puc. 1

1. Omnpegenure, KAKUX UMEHHO IOJUTPOIl KacaeTcs rpaduK B KayKJION ITPOHY-
MEPOBAaHHOU TOYKE.

2. Haiinure pabory A rasza 3a 1ukiI.

3. Haitnnre KIIJI 7 TeroBoit Manuubl, paboTAIONIEH 110 JJAHHOMY ITHKJLY.

4. Haiigure pasnoctb Temieparyp AT B cocrosiHusax 1 u 5.
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3amada 4. 3apsig BOKPYT JUIIOJIS
Ha paccrosiaum 7 oT TOYEUHOTrO 3apsijia ¢ MAcCoil m PacroIozKeH TOUYETHbIH Jin-
IOJIb, JIUTIOJIBHBIA MOMEHT P KOTOPOT'O TEPIEHIUKYJISIPEH OTPE3KY, COSIUHSIONEMY
3aps/l ¥ IUHOJh. 3apsi/l OTIIYCKAIOT, & U0/ TPOIOJKAIOT yaep:KuBaTh. Haiimure
CKOPOCTB ¥ 3apsiJia B TOT MOMEHT, KOT/Ia OH IEPECeIET MPAMYIO, TPOXOJANLYIO Yepes3
JIATIOJIb BJIOJIb €10 JUIIOJBHOIO MOMEHTA.
IMonckaska. HanpsKEHHOCTb 3/1eKTputeckoro mois E, coslabaeMast Toded-
HBIM JIATIOJIEM C JIUTIOJIBHBIM MOMEHTOM J B Touke A, Haxomures 1o hopMyJe
Sk ki
E=—F——73
r r
rje k — KoHcranTa u3 3akoHa Kysnona, 7 — BEKTOD, MPOBEJACHHBINA U3 TOYKH ITOJIO-
JKEHUsT JUTIONST B TOUKY Habsroaennst A.

3agaua 5. Tenb oT Bpalmaroieiicss 3aropoikKu
Torkass Hemrpo3padHas 3aropojka, uMerlas hopMy IPIMOYTOJIBHUKA CO CTO-
ponamu H m 2R, paBHOMEPHO BpallaeTcsd BOKPYT OCH, IPOXOJIAIIEN depe3 MEeHTP
IPAMOYTOJILHIKA MAPAJIIebHO cTopone H , ¢ yrioBoii ckopocTbio w = 7c/ (3R/3),
IJIe ¢ — CKOPOCTD CBETA B BAKyyMe. 3aropoJIKy MOMECTUJIN B IMTUPOKUIT Iy IOK CBETA,
[IEePIIEH/INKYJISIPHBII OCH BPAIIEHIS U CTOSIIEMY II0CjIe 3aropo/iku sxkpany. Haiture
WIommaIb S TOJIHOM TeHn Ha dSKpane 6e3 yuéra IudpPaKINOHHBIX STBICHUI.
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Crapuiag jura

3amaya 1. Karep u 6apxxa
Karep, paBHoMepHO TsHyIuil 6apKy Ha JJIMHHOM TPOCE, JIBUXKETCS C Heil
B  pa3 MejjieHHee, deM 0e3 Heé Ipu TOil XKe cuje TArd BuHTa. Eciau, aBurasich
¢ Oapkeil, KaTep BBIKJIIOYAT JBUTATEIb, TO OapKa 10 MOJHON OCTAHOBKU ITPONIET
B [ pa3 GoJiblllee paccTosHue, 9eM Karep. Bo CKoIbKo pa3 macca Gapku 0oJbIe
Maccel kKarepa? Cuiia CONPOTUBIIEHUST BOJIBI IIPSIMO IIPOTIOPIIMOHAIBLHA CKOPOCTH.

3amaua 2. Kamis B Tpybke Mexkay cocydamMu

JlBa OIMHAKOBBIX *KECTKUX COCYIa HAIIOJHEHBI PA3HBIMU WMICAJTbHBIMUA a3aMHU,
umerorumu reMueparypbl T u Ty (upuuém 17 < Tb), u COeIMHEHBI TOHKOI ropu-
30HTAJIBLHON MUJIHHIPUIECKON TPyOKOit jymHoM L, mocepeinie KOTOPOit HAXOIUTCs
B PABHOBECHU KAIUIsl PTYTH, KOTOpas He cMadnBaer creHkn Tpyokn. OObéM rasza
B TpyOKe COCTaBJIIeT OYEeHb MaJIyIO JIOJI0 (v OT 00bEMA OJIHOTO cocyna. Kak u3me-
HUTCs TOJIO?KEHUE KAILIN, €CJIU YBEJIMIUTh TEMIEPATypy B 000UX COCYJax Ha OJIM-
HakoByto Beqmanay AT7

Banaua 3. KonageHcaTopbl U KaTyIka

M3uagasibHO He3aps2KeHHbIE KOHAEHCATOPHI éMKocTsaMmu Cy u Co U ueaibHbIl
ncrounnk IC & coeauHMIN MOC/IEIOBATEILHO, & 3aTEM B HYJIEBOIl MOMEHT Bpe-
MEHU TapaJjiielbHO KoHieHcaTopy C' MOAKIIOYNIN KATYIIKY UHIYKTABHOCTHIO L.

1. B kakoii MOMeHT BpeMeHN 1 CHUJIa TOKA depe3 KAaTyIIKy BIEpPBbIe Oy1eT MaK-
CUMAJIbHO !

2. Haiiiure MakcuMaJsIbHYIO CHIYy TOKa [y epe3 KaTyIKy.

3. B kakoil MOMeHT BpemeHHU lo HalpsizkeHue Ha KoujeHcarope Co BIEPBBIE
OyIeT MaKCUMAJIBHBIM !

4. Haiinure makcumasibHOe Hanpsizkerune Us Ha KoHueHcaTope Co.
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3amada 4. JlepeBsIHHBIN CEepaeIHUK

Ha mumnipndeckyio 9acTh JUIMHHOTO OCTPO 3aTOYEHHOIO OCECHMMETPUIHOTO
JIEPEBSHHOIO KapaHaIlla HAMOTAJIA IJIOTHO B OJWH CJIOM MHOTO BUTKOB TOHKOTO
[IPOBO/IA, & €r0 KOHIThI 3aMKHYJIN MK Ty coboit. Kapanmarmt ¢ mpoBoIoM MOXKHO CUH-
TaTh OJHOPOJHBIM IIJINHIPOM MAaccoil m u momepednbiM cederuem S. Kapanmam
AaKKypPaTHO IMOCTABUJIN IPUdeeM BHI3 Ha NOPU30OHTAIBHYIO IIEPOXOBATYIO TIOBEPX-
HOCTH, BKJIIOUWMJIA BHEIIHEE OJHOPOJHOE BEPTUKAJIHLHOE MATHUTHOE TI0JI€ WHJLYKITH-
eit B, 3aTeM OXJ1a/I1/Id TIPOBOJI, TIEPEBE/IA €r0 B CBEPXIIPOBOJIAIIEE COCTOSTHUE, ITOCIE
9ero KapaHIaIll BBIMIET U3 [OJIOKEHUsT HEYCTONIMBOTO PABHOBECHS.

1. Haiture yrout g OTKJIOHEHUS KapaHIAIla OT BEPTUKAJIN B TIOJIO2KEHUN YCTOI-
YUBOTO PABHOBECHSI.

2. Haiimure mepuon T Masbix KojebaHuit KapamHjalia B BEPTUKAJILHON ILTOC-
KOCTH, TIPOXOJIAIIEH Yepe3 0Ch CHMMETPUH KAPAH/IAIIA B TOJIOKEHUU yCTONIHBOTO
DPaBHOBECHSI, €CJIU U3BECTHO, YTO STU KOJEOAHUS BO3MOXKHBI.

3agavya 5. YroJakKoBbIii OTpPaXkaTeJib U OCKOJIOK JIMH3BI

JlBa 1os1y6eCKOHEYHBIX IIJIOCKUX 3ePKaJjia PACIIOJIOYKEHbI B3AaUMHO IIE€PIEHINKY-
JISIDHO W KACAITCsl IPYT JIpyTra CBOUMHU KpasiMu, 00pa3ys YIOJIKOBBI OTParKaTe lb.
Bospmmit u3 ocko/KOB TOHKOI cobuparorieil auH3bl paguycoM R ¢ dOoKyCcHBIM
paccTogHueM 27, pacKoJOTOU TOYHO BJOIb XOPJIBI, MPOXOJSIIEN Ha PACCTOTHUH T
OT IIeHTPa JIMH3BI, PACIIOJIOXKEH TaK, YTO ero IJIaBHas ONTHUYeCKasl OChb IIePIEeH/IU-
KyJIsIpHA IIEPBOMY 3€pKaJly, JUHUS PacKoJia lapaJlelbHa BTOPOMY 3€pKaJly, & Oll-
TUYECKUU TEHTP YJIAJIEH OT IIEPBOT'O M BTOPOT'O 3€PKaJl Ha PACCTOSAHUSA DT U 271
COOTBETCTBEHHO. TOYEUHBIII MCTOYHUK CBETa HAXOJUTCS Ha IVIABHON ONMTHUYECKOMN
OCH OCKOJIKa U YJAJEH OT HETO W MEPBOTO 3epKaJia Ha PaCcCTOdHU 31 U 87 COOTBET-
CTBEHHO.

1. Ilpu ycsooBun R >> r HaiiiuTe Bce M300paKeHUs MCTOYHUKA B OIMCAHHOM
OIITHYECKON cHucTeMe U OTMeTbTe UX II0JIOZKEHUsI OTHOCUTEIBHO He€ Ha KJeTdaToit
Oymare, IPUHSIB CTOPOHY KJIETKHM paBHOi 7. Kcjm Kakoe-TO m300pakKeHue JIeKUT
He TOYHO Ha MEPeCeIeHNN JINHUI CEeTKN, TO YKAyKUTE BBIUNC/IEHHbIE 3HAYCHUS Pac-
CTOSTHUIT OT 9TOr0 M300paKeHNUs JI0 ILIOCKOCTEH 000MX 3epKaJl.

2. Haiinure xonmudectBo N M300pazkKeHuit Jjisi KayKJI0T0 U3 IIECTU BapUAHTOB:
R/r € {3;5;10;20; 40; 80}. M306paskeHns1, cO3aHHbIe PA3HBIMU JIEMEHTAME OIITH-
YeCKOIl CUCTeMBI U OKa3aBIINeCs B OJJHOM TOUKe, CINTAIOTCS PA3INIHBIMH.
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BosmoxkHbIe pemeHmnAda

Muaangmast jgura

3agaua 1. [Tapsl ¢ mosocTsamMu
YcaoBus KacaHus MAapoB U UX MOJIOCTEN OJHO3HAYHO 33/IaI0T PA3MEPhI U PACIIO-
JIOZKEHHE IIaPOB € IOJIOCTAMU: BCe YeThIPe IEHTPa JeKaT Ha OTHOI OCH T B TOYKaX
C YKa3aHHBIMU Ha PHUC. 2 KOOPIUHATAMHU.

Puc. 2

Bwmecro mapos ¢ mostocTsMu paccMOTPHM MIapbl 03 MOJIOCTEN U BIIOYKEHHBIE
B HUX BUPTYaJIbHBIE IIAPHI, COBIAIAIOIIIE ¢ OBIBIIIIME TOJJOCTSMHI 1 MMEIOIINE IIPO-
TUBOIOJIOXKHbBIE (OTPUIATENbHBIE) IIOTHOCTH, YTOObI CyMMAapHAas [LJIOTHOCTD MATe-
puaJia B 00JIaCTH TOJIOCTEH MO-TIpeyKHeMy ObLIa paBHA, HYJIIO.

O60o3HAYEM Yepes3 7y TPABUTAIMOHHYIO IOCTOAHHY0, Yepes V = 4rR3 /3 — 06b-
€M HaMMeHbIIero mapa (ObIBIIEli MeHbBIIel T0J0CTH]), yUTEM IPOMOPIMOHAIBHOCTD
00béMa Tapa Kyoy ero paamyca u HalIéM HCKOMYIO CUTy F' KaK BEKTOPHYIO CYMMY
CIJT TPABUTAIIMOHHOTO MIPUTSZKEHUS KaXKIOU [Aaphl MAPOB, PACIIOJIOKEHHBIX [0 pa3-
HbIe CTOPOHBI OT O0Iel KacaTe/TbHON II0OCKOCTU:

V- (2p-2°V) - (p-4V) v (20-2°V) - (=p-2°V)

F:
(2R + 4R)? (2R + 2R)?
V(=20 V) (p V) v (=20 V) (=p-2°V)
(R+4R)? (R+2R)?
3848 4p?V2 6156872

2 pd 2 pd
o5 R a0z P 300
ITpumeuanne. HamomuauM, 910 3aKOH BCEMUPHOI'O TATOTEHUsI 3AITNCHIBACTCS
Tounoit dopmynoit F = ymims/r? TonbKo mig chepuuecKn CHMMETPHYHbLIX TeJT
MaccaMu mi W Mg, HUA OJHA TOYKA JIOOOTO M3 KOTOPLIX HE HAXOJUTCSA BHYTPU
JIPYTOrO Tejia, TPUIEM 7" — 3TO PACCTOSTHIE MEYXKJLy UX EHTPAMU CAMMETPHH, & BOT
B cJIydae TeJsl HHON (popMbI yKazanHas (hopMyJia CTAHOBUTCS JIUIIb MTPUOJINKEHHOI.
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IIpumepraa cucmema OUEHUBAHUA

Boruncienne pasmmyCcoB 000MX TITAPOB - .« « vttt ettt et aie e 1
OrpejiesieHne B3aNMHOTO PACIIOJIOYKEHUS BCEX UETBIPEX MEHTPOB .« o vvvee oo, 1
Wnes paccMoTpenns mapoB ¢ OTPUNATETBHBIMI IITIOTHOCTAME .« « o .vvvveen e 2
IIpumenenne GOPMYIIBI JIJTT OOBEMA TITAPA « « « « v o vvv et ettt e e e e et e 1
IIpumenenne hOPMYIIBI U3 OMPEIEITEHUST TIOTHOCTI « .« v vvveeeeeaeeeee e 1
[IpuMmeHeHnEe 3aKOHA BCEMUPHOTO TATOTEHUST . « ¢ vttt vvteteeeeeaeeeeaeeaanann e, 1
TToryaeHne OKOHIATETBHOTO OTBETA .« « ¢ e v etvv vt ettt e e e e e e e e e e 3

3agaua 2. 'opka u aBa rpysa

IIycts M m m — macchl TOPKHU 0e3 TPY30B U KaxKJ0r0 I'Py3a COOTBETCTBEHHO,
H — magasibHAst BBICOTA TPY30B HAJI INIOCKOCTHIO, %] — CKOPOCTb TOPKH CO BTOPBIM
IPY30M Cpa3y MOCJe COCKAJIb3bIBAHUS IIEPBOT0, TOT/IA 3aKOHBI COXPAHEHUS UMITYJTb-
ca U 9HEPrUU Jjis [IPOIECCa COCKAIB3bIBAHUS IIEPBOIO I'PY3a UMEIOT BT
mv? (M +m)u?

+ 5
2 2

oTKyZia ¢ yuérom obozuadenus (1 = M /m Haxomum cKOpoOCTH:

mu; = (M 4+ m)uy u mgH =

1
vy = QQH.i
w2

IIpumevanue. B ouepennoit pa3 obpalaeM BHEMAHUE dATATEeIeH HA TO, UTO
KaXK/JIyI0 OCMBICJIEHHYIO (hOPMYILY IeJIeCO00PA3HO MIPOBEPSITH, MPUIEM HE TOJBKO
0 Pa3MEePHOCTH, HO W Ha 9YacTHBIe ciaydan. Hampumep, B caydae O9€Hb MACCHB-
HOll ropku (4 — +00) oTBeTOM J0JKHA ObITh u3BecTHas Gopmyta v = /2gH,
a B curyuae HeBecoMoi ropku (p = () 9Heprust moJeInTcs MK Ly TPY3aMU IOPOBHY,
TO eCTh OTBETOM JIOJIZKHO OBITH Bbipaskenue v = v/gH. IlojcTanoBKa yKa3aHHBIX
3HavYeHnt (1 B 00IMyIo (opmyity st v1 JaéT OXKUJaeMble JacTHBIE Pe3yJbTaThl,
YTO CBUJIETEIBCTBYET B IMOJB3Y €€ MPABUIBHOCTH, TO €CTh SIBJISETCS BEPOSITHOCT-
HBIM TIOJTBEPKICHIEM, TaK KaK He JAET MOJHON rapaHTHu.

Ilepeiiném B cucremy oTcuéra, JIBUMKYIILYIOCS BIIPABO CO CKOPOCTBIO U1, ITOOLI
MOKHO OBLJIO PACCMATPHUBATH COCKAJIb3bIBAHIE BTOPOIO I'Py3a TOYHO TaK JKe, Kak
u nepsoro. Ilycts vy 1 u) — ckopocTH cpasy IocJe MPEKPAIeHHs] KOHTAKTa TeJl
B BBIODAHHOI cucTeMe OTCYETa COOTBETCTBEHHO BTOPOrO IPy3a (BUPABO) U rOPKU
6e3 rpy30B (BJeBO), Torga 3amena 4+ 1 wa pu B dopmynax mig v; u up (Takoit
METOJI HA3BIBAETCsl «YKOHIVIMPOBAHUE UHJEKCAMU» ) [IO3BOJIIET CPa3y 3allUCaTh:

2gH
L= JogH - L b= ——.
2 S T A 7T

Hanpagsiiennas BpaBo CKOPOCTb v BTOPOI'O I'Py3a U HAIIPaBJIEHHAS BJIEBO CKO-
POCTB Uz TOPKU B UCXOJHOI CHUCTEMe OTCUETa UMEIOT BU/L

2gH 1
—— +——,
pA+1 v VIF2

/
Vg = Uy + U =
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2gH (1 1
p+1\E  Vu+2

ITpumeuanme. 3ameruM, ITO BCEra BEPHO ycjoBue ug > (0, TO eCTh TOpKa
B UTOTE MOEJET BJIEBO, 9TO BIIOJHE JIOTMIHO, TAK KAK IEPBBIA I'PY3 <«IHYJI» TOpP-
Ky BIIPABO, a BTOPOW — BJIEBO, HO BO BTOPOM CJIy4ae IOpKa yKe «OOJerdmjiach»
Ha OJIMH I'Py3, TaK YTO BTOPOIi «IIMHOK» CUJIbHEE M3MEHUJI €€ CKOPOCTh.

Takum o6pa3omM, OTBET Ha MEPBLIN BOIIPOC HAMICH:

v2 _ Vpp+2)+1

U1 /L—f—l

U = Uy — Uy =

s orBeTa Ha BTOPOIl BOIIPOC HY2KHO PEIIUTH HEPABEHCTBO Uy > U1, WU

29H ( 1 1 >> - w+1
L+1\VE Jpt2 vy

OTKYyZa II0CJIe YIIPOIIEHUA II0Iy4IaeM KBaJIpaTHOEe HEPABEHCTBO
w2 +2n—1<0,

pelenue KoToporo ¢ yaérom dusudeckoro cmbicia (g > 0) umeer Bu, < V2-1.
IIpumepras cucmema oueHusaHUA

IIpumenenye 3aKOHA COXPAHEHIST MMITYIIBCRA « . .« e vv ettt et eaee e e o 1
IIpumenenyie 3aKOHA COXPAHEHIST JHEPTUL . « . .. v e nuve et eeee e eeeaeeeanee o 2
BBIPAKEHTE JITIST U1 « oo v oottt ettt e et e e e e e e 1
BBIPATKEHME JITIST U1+« vveee et et e e e e e e 1
BBIPATKEHME JITIST V9 « oo vttt et et et e 1
BBIPAKEHTE JITIST U2 - v v v e e ettt e e e e e et e e e e 1
OTBET JITIST U2 /U1« + e et e et e e e e e e ettt 1
L0 T 1 1 7 7 R 2

3amaua 3. KpyroBoii mukJI

Ha PV-anarpamme u30X0pbl 1 1300aPhI SIBJISIOTCS MIPSAMBIMU, TAPAJLIETHHBIMI
KOOD/IMHATHBIM OCSIM, [TO9TOMY TOYKHU 1 U 5 sIBJISIIOTCS TOYKAMU KacaHus rpaduka
UK ¢ n3obapamu, a Toukn 4 u 8 — ¢ uzoxopamu. I3orepma umeeT Bu I OOBITHOI
runepbosibl, a agumadara — runepOosbl 60JIee BBICOKOI CTEIeHU, TO €CTh B TOYKE
repecedeHns U30TePMbI U anuabaThl KacarTelbHasd K IIOC/IEIHENH UMeeT OOJIBbITHit
YTOJI HAKJIOHA, TIO9TOMY TOYKHU 2 U 6 SBJISIIOTCsSI TOUYKAMU KacaHus rpaduka ukia
C M30TEPMAMM, a TOUKN 3 U 7 — C ajguabaTaMu.

B Troukax 3 u 7 kacanus rpaduka 1ukIIa ¢ anadaTaMu MoIBOJI TEILIa CMEHIETCS
OTBOJIOM U HAODOPOT, 4TO IMO3BOJIET HAWTH HOJBENEHHOE () W OTBeAEHHOE ()_
KOJIMIECTBA TEILJIOTHI 3a IIUKJI:

Q+ = Qrs + Qs1 + Q12 + Q23 = 24 Ik,
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Q- = Q34 + Qus + Qs6 + Qo7 = 21 Ix.

3 3akona coxpaHeHUs SHEPTUN BbIpakaeM paboTy ra3a 3a IUKJI:

A=Q+ —Q_ =3 Ix.
KIIJI 1muk/ia TerioBoit MAITHHBI HAXOMM TI0 OIIPEIeICHUIO:

_4_1
TTor T w

Pabora 3a nuksr mpomopiimonabHa IJIOMA M, OTPAHTIEHHON rpaduKoM KA
na PV-gunarpamme. OTpesok, coequHsonuii Touku 1 u 5, SIBISIETCS JTUAMETDPOM,
TO €CTh JIEJUT KPYT MOMOJaM. A MMOCKOJIbKY TOYKH 1 1 5 JiexkaT Ha OJHOM m30X0pe,
pabora, coBepIIéHHas r1a3oM B riporecce 8- 1, na A/2 6osbiie paboThl, COBEPIIEHHOMN
HAJ| 'a30M B mporecce 5-8, 10 ecTb ux ajarebpaudeckas cymma pasaa A/2.

[lepBoe HaUAIO TEPMOJIUMHAMUKE JJIsd IIporecca H—1 umeer BU/I

A

3
—Qs56 — Qo7 + Qrg + Qg1 = ?fRAT + 2

OTKYy/Ia IIOCJIe IOACTAHOBKH A B 001IeM Bue HAXOAUM IIOCAEIHUA OTBeT:

_ —Q12 — Q23 + Q34 + Qus — Q56 — Q67 + Qrs + Qa1

AT SR ~ 0,6 K.
Ipumepras cucmema oOueHUSAHUA
Oupeneenne KacarolmuXcsl IOJIUTPOIL B KazKI0# IIPOHYMEPOBAHHONR TOUKE . . .. .. 2
OTBET JTIA A .« oo 3
L0 T 1 1 7 7 2
OTBET JTI AT o o e 3

3amada 4. 3apsa BOKPYT JUIIOJIS
IlpuBenéunas B ycsiosuu opmysia Jijisl HATPSIKEHHOCTU JIEKTPUIECKOTO TIOJIS
TOUEUHOTO OIS IO3BOJLET IPEACTABHTE ity F = ¢E, neficTByIOmyio Ha Toued-
HbIil 3apsi, B BIJIE BEKTOPHOI cyMMbl il Fy u Fy, IlepBast 3 KOTOPbIX HAIIPAB/ICHA
[IPOTUBOIIOJIOZKHO JUIIOJIBHOMY MOMEHTY, & BTOPast — BJIOJIb IPSIMOM, COEIMHSIFOIIET
JIATIOJTB ¥ 3aPsiJl, 9TO MOCJIe PACKPBITHUS CKAJISIPHOTO TIPOU3BEIEHUS DI’ C yI6TOM BbI-
OpaHHOIO HA PHUC. 3 HAIPABJIEHUS BEKTOPA P IPUBOJUT K BBHIPAYKEHUSIM

kplq| kplq|
r3 F2=3 r3

= cos .

Amnajiorndnble BbIpayKeHUs I CUJI UMEIOT MEeCTO B JIPYroil (BHEIIHEe COBCeM
He TI0X02Keil ) 3a/1aue, KOTOPYIO Mbl ceiigac paccMorpuM. IlyeTh MajeHbKOe TeJIo Mac-
CO¥l M MOIBECU/IN HA HEBECOMOU HEPACTSIXKUMOI HATH JJIMHON 7, OTKJIOHUIN HUTH
JI0 TOPU30HTAJBLHOTO TOJIOYKEHUsI U OTIyCcTIm. Kakue cuiibl IefiCTBYIOT Ha TEJIo
B IIPOIECCe NAJIBHENINero JIBUKeHns
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2
A
Toe
B
4d¥m
P
Puc. 3 Puc. 4

Teso Oymer ABUTATHCS IO OKPYKHOCTH PAJIYCOM T TIOJT IEACTBUEM CHUJIBI TSI7Ke-
ctu Fy = mg u cunel HaTsykenust autn Fh. IlycTh v — MrHOBeHHAsT CKOPOCTDH TeJIa,
 — yroJ1 OTKJIOHeHUsI HuTH (puc. 4), TOra 3aKOH COXPaHEeHWs! SHEPIUU U BTOPOi
3ak0H HpIOTOHA B IIPOEKINK HA HAIIPABJICHUE IEHTPOCTPEMUTEIBHOIO YCKOPEHMS
UMEIOT BUJ

2 2

mu v
= mgr cos u m-— = Fy, —mgcosyp,
r

2

oTKyJa HaxoauM Fo = 3mgcos . Takum o6pa3oM, BbIpazkeHus! JIJIs CHJI B 00OUX
3aJa9ax M0 CYTH COBIAJAIOT, & I IOJIHON aHAJOTHH MEXKIy 3aJadaMi MOYKHO
BBIOPATH IJIAHETY C YCKOPEHHEM CBOOOJIHOIO TTa/IeHNs!, YJI0BIETBOPSIOIUM YCIOBUIO

kplq|
g=— . 1
L M
13 paccMOTpeHHOI aHAJIOTHH CJIEIYET, UTO 3ap/l IO, JIeHCTBUEM OIS JTUTIOJIS
MOZKEeT IBUT'aTbCA II0 Opr}KHOCTI/I pa,ZLI/Iy'COI\/I r, a U3 €IMHCTBECHHOCTHU peHleHI/IH
YPaBHEHUH JIBUXKEHUS CJIEJIYeT, 9TO UMEHHO TaK OH U OY/IeT JBUTaTHCS.
3aKOH COXpaHEHUsl SHEPIUU B IIPOIECCe JIBUXKEHHUsS TeJjla OT BEepXHell TOYKHU

JI0 HU2KHEW MMeeT BUJI

’ITI,’U2

2

orkyza ¢ yaérom dhopmysibl (1) mosydaemM OKOHIATEIbHBI OTBET:

2k
U:\/2577°: P|Q|'

mr2

= mgr,

IIpumepraa cucmema OUEHUBAHUA

Nnes paccMOTPEHNST AHATIOTIIHOM BATATI .« « ¢« v vt e eee e e e et e 3
JoKa3aTeTbCTBO AHATIOTHIHOCTH BAITAT « « « + o v ve e e ettt et e et e et en e 3
VioMuHaHue eMHCTBEHHOCTU PENIEHUS YPABHEHUN JIBUKEHUA . « o oo v oven . 1
OKOHYATEIBHBIA OTBET . .+« ettt e ettt et et et e et et ettt e 3
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3agava 5. Tenb oT Bpalmaroleiicss 3aropoikKu

CBeToBOil J1y4, HaJIaroIuil Ha MPAHUILY [TOJIHON TEHH, JO0JIZKEH IIPOXOIUTH Yepe3
kpasg A u B 3aropojiku B 1ByX eé nojiozkenusx (puc. 5), a HpOTOH, IBUKYIIUHACST
BJIOJTb 9TOTO JIy4a, JIOJIXKEH MPOJIeTAaTh OTPe30K A B 3a BpeMsl MOBOPOTa 3ar0POIKH
MEKJY ITUMH TOJIOKEHUSIME. AHAJOIMYHOE YCJIOBUE MUMEET MECTO JIJIs CUMMET-
PUYHOIO OTHOCUTEJILHO OCH BPAIEHUS JIyda, I09TOMY TeHb OyJeT CUMMETPHUYHON
OTHOCHUTEJILHO IIPOEKIIUU OCU BpallleHUsl Ha dKPaH.

IIycTb ¢ — yroa Mexky pacCMaTpUBAEMBIMU MOJOYKEHUSIME 3aTOPOJKU, TOTIA
PaBEHCTBO BPEMEH MIPOJIETA (POTOHA U ITOBOPOTA 3arOPOIKU UMEET BUII:

2R
tesf =
c 2 w

3

OTKY/Ia IIOCJI€ IIOJICTaHOBKU BbIPpazKeHUdA JIJIgd W IIOJIydIaeM YpaBHEHUE

e V3
PRI

T
— - CoS
3 2

BameTuM, 4TO 3HAUYEHHE @ = 7/3 ABJgETCS KOpHeM ypasuenus. Ha unrepsaJe
© € (0;7) jeBast 9acThb PABEHCTBA SBJISIETCS CTPOro yobIBalomeii GpyHKiumeii, a mpa-
Basi — CTPOrO BO3PACTAIOIIEH, TIO9TOMY YPABHEHUE HE MOXKET UMETh 00Jiee OHOTO
KOpH# Ha 3TOM MHTEpBaJle, TO €CTh HaJJeHHbII KOPEHb — €JUHCTBEHHBIN.

IMTupuna L nosHoi Tern umeet Buy L = 2R sin(¢/2) = R, a eé qyinHa coBnagaer
¢ H, oTky/ia HaXo/ MM UCKOMYIO ILIomab: S = RH.

Puc. 5
IIpumepras cucmema oueHuBaAHUA
BrisiBiienne rpaHUYIHBIX TTOJIOKEHUN 3ATOPOIIKI « . ¢« vv e eeeeeteeaeeeee e e 1
IIpupaBHUBaHTE BPEMEH MPOJIETA M TIOBOPOTA -+« vvvve e veeteeeeeaeee e e 2
SHATEHUE JITIST (D .« o v vttet e et et e e e e e e et e e e e e e e e e e e e e 3
O T BET .« o ottt e 4
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Crapuiag jura

3amaya 1. Karep u 6apxxa
ITockosbKy TPOC JIMHHBIN, CUJIa COMPOTUBJIEHNUS, JIEHCTBYIOIIAS HA OJIHO CYJTHO
(karep mam GapxKy), HE 3aBUCUT OT JBUXKEHUs JApyroro cyada. Ilycrs ki u ko —
K03 PUIUEHTHI TPOTOPIINOHATBHOCTH MEXK/Ty CUIAMU COIPOTUBJICHUS 1 CKOPOCTSI-
MU KaTepa u 6ap2Ku COOTBETCTBEHHO, F{y — CIJIa TATW BUHTA, U — CKOPOCTH KaTepa
¢ GapKoif, TOr/IA YCIOBUSI PABHOMEPHOCTH YCTAHOBUBIIIMXCS JIBUKEHUIT UMEIOT BT

FO = kl - QU n F() = klv + kgv,
OTKYda II0JIy9aeM COOTHOIICHHE
kg = (Oé — 1)k1 (2)

Pacemorpum BukeHme Tesia Maccoil m, MMEOIIEero HAYabHYI CKOPOCTH g,
101 JIECTBUEM CUJIbI COPOTUBIICHUS F = —k¥, riie v — MrHOBeHHast CKOPOCTD Te-
Ja, a k — ko durment conporupienns. I3 Broporo 3akona HbioTona B mpoekiun
HA OCb & BJOJIb HAYAJIHHONW CKOPOCTH

ma = —kv

IIOCJI€ MHTEerpupoBaHusAd 110 BPEMEHHU 10 MOMEHTa OCTaHOBKH IIOJIyYaeM YpaBHEHUEC

0 S
mv| = —kz| , win m(vg —0) = —k(0 — 5),

U3 KOTOPOrO HAXOJUM IIYTh S, IPOUIEHHBIN TE€JIOM K MOMEHTY OCTAHOBKH:

= TO (3)

IIpumevanune. Ilpegnaraem auTaTensiM CAMOCTOSATEILHO BBIBECTH (DOPMYITY
g = Lly/R nus 3apsijia ¢, NPOTEKIIEro 3a BCE BpeMs B KOHTYPe, COCTOSIIEM U3 Ka-
TYIIKA UHYKTUBHOCTHIO L U pE3ucTOpa CONPOTUBIEHHEM R, €Cii HadaIbHas CUJIa
TOKa B KOHType ObLta paBHA Iy, U MOAYMATh O MPUINHAX CXOJCTBA ITON (DOPMYIIBI
u dopmyiint (3), moc/E Yero CpaBHUTH CBOU BBIBOJBI C OIUCAHHBIMU B JIATEPATYDE
«IJIEKTPOMEXAHUIECKUMU aHATOTUSIMIS.

ITycTb my 1 Mg — Macchl KaTepa u 6apKu COOTBETCTBEHHO, Tora dhopmyia (3),
pUMEeHEHHAasT K UX JIBUYKEHUIO 110 WHEPIWUU, IIPUBOIUT K YPABHEHUIO

miv mov

R

U3 KOTOPOTO € UCII0JIB30BaHIeM (hOPMyJIBI (2) MOy daeM NCKOMOe OTHOIIEHNE MACC:

M2 _ (a—1)p.

mi
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IIpumepraa cucmema OUEHUBAHUA

Tlosyuenune coorHormenns: MexK Ty KOI(DOUINECHTAMI COMPOTUBICHUS - . « . ... ... .. 3
BriBoa hopmysiel st yTH mpu ABUKEHUHU TI0 UHEPIUKM B BA3KOH cpejie ... ... .. 4
O BT o ettt ettt e e e e e e 3

3anmaua 2. Kamis B Tpybke Mexkay cocygamMu
OpurakoBoe abCOJIIOTHOE YBEJIMYEHHE TeMIepaTypbl OOOMX Ta30B O3HAYAET
6oJIbIllee OTHOCUTEILHOE yBeJINYeHNEe MEeHbINell TeMuepaTrypbl 17, I09TOMY JaBJie-
HUe€ [IEPBOI'0 ra3a BBIPACTET CHIIbHEE U Kalljisd OyIeT CMelaThCcsa B CTOPOHY BTOPOTO
rasa /10 BOCCTAHOBJIEHUs] PABEHCTBA JTABJIEHUN.
IIycrs P — HagasbHOE JaBJIeHEE B KaXKIOM COCYIE, V — 00bEM KaXKI0ro COCyIa,
Torga ypaBaenusi MeneneeBa—Kirameiipona /ijist Ka)KJI0ro ra3a UMEIOT BU,

PV
—— = const, —— = const,

Ty T
OTKy/a Tocje jiorapudMupoBanus u 1uddepeHnnpoBanms MOy IaeM YPaBHEHUS

AP, AVy ATy AP, AVy ATy
P TV T Ty =0 P Vv T, =0 (4)

rine AV — usmenenue o6bEMa, paBHOE MOJIOBUHE 00bEMa TPYOKU U MMEIOIEee pas3-
Hble 3HAKN JJIs Pa3HbIX 1a30B, a APy u ATy — u3MeHeHus JaBJIeHUs U TeMIIepa-
TYPBI, P KOTOPBIX KAILIsI CMEIIaeTcst J10 KoHIa Tpyoku. [IpaBoMepHOCTD mosICcTA~
HOBKU yKa3aHHBIX KOHEUHBIX IIPUPAIICHUI BMECTO ODECKOHEUHO MaJbIX auddepeH-
uuasios dP, dV u dT ciepyer u3 yceaosug o < 1. [locsie Boranranus ypasaenunii (4)
u nozcraHoBku coorHommenus AVy = aV/2 nonygyaem Bbipazkenue

Taxum 06pasoM, npu GOIbIIX U3MeHeHnAX Temueparypol (AT > ATy) xamis
CTeYET BO BTOPOI COCYJI, MMOCJIE Yer0 Ta3bl MEePEMENIaloTCs, a IPU MAaJbIX H3MeHe-
Hustx Temueparypbl (AT < AT)) Kamis CMeCTUTCS Ha paccrTostHue Az, KOTOpoe
B CUJLy yeaoBusl ¢ < 1 MOXKHO CYUTATH JIUHEHHO 3aBUCAIIUM OT TEMIIEPATYPbI:

L AT L(L-T)
a 2 ATO a 2aT1T2

Ax - AT.

IIpumepraa cucmema OUEHUBAHUA

O60CcHOBaHME CMEIIEHUST KAILIA B CTOPOHY BTOPOTO COCYIR . « v v vvveeaeaean v 1
IIpumenenune ypasuenus MengeaeeBa—KmamefipoHa .. ....oovveeeniiieen oun.. 2
Haxoxierne rpaHudHOrO 3HATEHUST AT) oot e e e 3
Oreer mpu Masbix AT (BBIPAXKEHHE JUIST AL) ..ottt o 3
Otrser tpu 60/bmHX AT (OHHCAHUE PEBYIIBTATA) « . o v vvveeeeeeeaaeeaee e 1
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Banaua 3. KongeHcaTopbl U KaTyIka
IIpumevanue. Tunuunoe pernrenne mMOI0OHBIX 38129 BKJIIOYAET PACCMOTPEHUE
MIPOTEKINUX 3apsI0B U pabOThl HCTOYHUKA, OJHAKO €CTh ropaszio Oosee 3 deKkTuB-
HBI ITOJIXOJI, OCHOBAHHBIII Ha YIIPOIIEHNM CXEM C IIOMOIILIO CBOMCTB IIOCJIEIOBa-
TEJILHOTO W MaPAJLIEIBHOTO COCIMHEHUN 9JIEMEHTOB B CUTYAIMAX, KOIA COIJIACHO
pacIpoCTpaHEHHOMY OITHOOYHOMY MHEHHIO 9TO JIeJIATh SIKOOBI HEJIb3s.

Hauasibnoe nanpsizkenue Uy Ha KonzeHcaTope (7 cpasy Cy &
[10CJIe TIOAKIIOYCHIS MCTOTHUKA U J0 MOAKTIOUCHIS KATYIITKI
HAIEM IO CBOMCTBAM MOCJIEJOBATEIHHOTO COETUHEHMSI:
sl (G, Cy6 G
0=\ " =
(& C1+ Cs C1 + Cs
Ilepepucyem cxemy mocie MOAKIIOUEHNsT KATYIIKNA B OoJiee L ST

HarigaaoM Buge (puc. 6). 3aMeHUM 1I0C/IeI0BATEIBHO COEIH-
HEHHBIE UCTOYHUK U KoHJeHCcaTOp Cy Ha SKBUBAJEHTHBIN KOH- Puc. 6
sencarop émkocTbio C3 = Co, HaIPsIZKEHNEe Ha KOTOPOM OTJIMYAeTCsl Ha & OT HAIIPs-
xenust Ha Koujencarope Cy. Jlajiee 3aMeHUM TAPAJIIETHEHO COEMHEHHBIE KOH/ICH-
caropel C1 u C3 Ha 9KBUBaJIEHTHBII KOHteHCATOP éMKOCThI0 C' = C + Cy ¢ Hava/Ib-
HbIM HanpskerneM Uy, 94To mpeBpaTuT cxemy B 00bruHbl LC-koHTYD, nepuo, T’
Kosiebanuii B KoTopoM Haxoxutes 1o dopmyse Tomcona: T = 2w/ L(Cy + Cy).

1. MakcumaJjbHas Cujaa TOKa depe3 KaTyIKy OyaeT Hab/IIodaThCsd BIIEpBLIE de-
pe3 4eTBepTh MePUOJIa MOCIe MAKCUMYMa HAIPsI?KeHNs Ha SKBUBAJEHTHOM KOHJICH-
carope C, IMEBIIIEr0 MECTO B HAYAJBHBI MOMEHT BPEMEHM:

T
h=7= g\//:(c1 + Cy).

2. 3amuieM 3aKOH COXPAHEHUsS SHEPIUU IPU KOJCOAHMSX:

CUZ LI}
2 27
OTKy,ZLa HaXO/J MM MaKCI/IMa.HbHyIO CI/IJIy TOKa:
C &

Iy = Uy

L~ VL(Ci+ Cy)

3. Hampsikenne nHa xoHzencarope Cy Gy/ieT MaKCUMAJILHBIM (110 MOJIYJIIO), KO-
rJia HalnpsiKeHue Ha konjeacatope C Oy/1eT MAaKCUMAJIBHBIM U IIPOTUBOIOIOKHBIM
110 3HAKy HAIIPSKEHUIO Ha MUCTOYHUKE, TO €CTh BIIEPBbIE 3TO IIPOMU30HJIET Yepes

TIOJIOBUHY IIepuo/a:
T
to = 5 = F\/L(Cl + Cg)

4. MakcuMaJibHOE HalpsizkeHne Ha Kongencarope Co HaHIEM U3 YCIOBUS OTIIA-
qudgd ero Ha g oT HaHpH)KCHI/ISI Ha 9KBUBaJICHTHOM KOH,ZLeHCa/TOpe:
Cs

Uy=Up+E=E |1+ ——
2 o+ +C1+Cz
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IIpumepraa cucmema OUEHUBAHUA

OTBET IJIS 11 oo oottt e e e e e e e e e e e e e e e e e e e e 2
OTBET JTIS L o o oottt e e e e e e e e e e e e 3
OTBET JITISL €9 « v v vttt ettt ettt e e e e e e e e e e e e e e e 2
OTBET IJIA Us oo 3

3anaua 4. /lepeBaHHbI cepaedHUK
IIycrs N — 1uncsio BUTKOB IPOBOJIA, ¢ — YTOJI OTKJIOHEHUS KAPAH IAIIa, OT BEPTH-
KaJin, Torja n3menenne AP BHEITHEr0 MATHUTHOTO TIOTOKA YePe3 COJIEHOU/T TI0 CPaB-
HEHUIO C MIOTOKOM B BEPTUKAJILHOM ITOJIOXKEHUH 3a/1a8TCsI BbIPAYKEHIEM

AD = BSN(1 — cos ).

O6o3HaunM depe3 fiy MATHUTHYIO IIOCTOSHHYIO U IIyCTh | — JJINHA [IMJINHIPUYIe-
CKOIT 4aCTU KapaH/ala, TOr/la HaMOTaHHasl Ha Heé IPOBOJIOKA 00pPa3yeT COJIEHOW I,
UHJIyKTHUBHOCTb L KOTOPOrO UMEET BHU/I

~ poSN?

L
l

B ¢BEPXIIPOBOISAIIEM COJIEHON/IE MHJLY ITUPYETCS TOK, KOTOPBIH CO3/IaCT COOCTBEH-
HBIHi MAHUTHBI [IOTOK, KOMICHCUPYIOMNH M3MEHEHHE BHEIIHEr0 MArHUTHOIO [0-
TOKA, OTKY/a HAXOMUM CHJLY | MHJ(YKIMOHHOI'O TOKA:

7 Ad  BI(1—cosp)
L /L()N ’

C momompo GOpMyJIBI I7Is1 MOMEHTA CHJI, JACHCTBYIONMX HA BUTOK C TOKOM
B MATHUTHOM II0JI€, BBIPAZKAEM CyMMApHBIii MOMEHT M7 MATHUTHBIX CHJI, IeHCTBY-
IOIIUX HA COJCHOUI;:

B2SI(1 — cos ¢) sin
Ho 7

My=—-N-B-IS -sinp=—

rJie MUHYC OTparkaeT TOT (DaKT, 9TO ITOT MOMEHT CTPEMHUTCH YMEHBIITUTD yTOJI .

Ha xapanam fefictByet emé MmomenT Mo, co3/1aBaeMblii Tapoii CHJT — peakiiueit
OLIOPBI U CUJIOH TAXKECTU:
mglsin g

5 .

IIpumevuanune. [lapa cun — 3T0 1HEIBHBI TEPMUH, & HE ITPOCTO KAKUE-TO JIBE
cutbl. JIBe cu/ibl HA3BIBAIOTCS TAPOH, TOJIBKO €CJU UX BEKTOPHAsl CyMMa paBHA
aymo. MoMeHT, co3/1aBaeMblil TAPOi CHJI, BBIYUCISAETCS KaK MTPOU3BEICHIE MOTYJIs
OJTHOII CHJTBI HA PACCTOSHIE MEXKTy JTUHUSIMU JIeCTBUs CIJI U He 3aBUCHUT OT BBIOODA
noJoca (JIOKazKuTe 9TO CAMOCTOATEIHHO). MaruuTHble CUJIbL JAI0T B CyMMe HOJIb,
a CHUJIa TSKECTU yPaBHOBEIIEHA PEAKITHeil OTIOPbI, ITO9TOMY TP BLIYUCICHUN 000UX
MoMeHnToB M7 u Ms He OBLI0 HEOOXOIUMOCTH BBIOUPATD TOJTIOC.

My =
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Samuiem cymMMapHbIii MOMeHT M Cuil, JefCTBYIONNX HA KapaHIAIL:

M = M + My = (@_M) -Isin .
2 Ho
W3 ycnosust pasHoBecust M (pp) = 0 HAXOAMM 0XKHJaeMO€e HYJICBOE OTKJIOHEHHE
B IIOJIO?KEHUU HEYCTOHYMBOIO paBHOBECHUS U MCKOMOE OTKJIOHEHHE g B IOJIOKEHUU
YCTONYUBOIO paBHOBECUS:
_ Homg
2B2S"
3aMeTuM, 9TO IPU OTPUIATETHHOM 3HAYCHUN BhIPAYKEHIS JJIsI COS () KaPAHIAII
He MMPOBAJIMTCS CKBO3b OIIOPY, & OYJIET YCTOWYIUBO JIeXKaTh Ha Hell, T03TOMY TOJTHBIH
OTBET Ha IEPBBIil BOIIPOC BBINIAIUT TaK:

cospg =1

arccos (1 — %) , ecan 2B%S > jgmg;
Po=19 o
5 ecsu 2B2S < pomg.

s yruporenus JaJibHeHINNX BBIYUCIEHN BBEJIEM 0003HAYEHIE

q = KoY
2B2S

U TIEPEINIIeM TOJIyIeHHbIe paHee (DOPMYJIbI ¢ €eT0 UCIOTb30BAHNIEM:
B2Sl1
Mo

cospg =1—a, M = (a — 1+ cos ) sin .

Jlexkalmuil Ha onope KapaHJIall KojebaTbCsl He MOKET, II09TOMY U3 BO3MOXKHOCTH
paccMarpuBaeMbix Kojiebanwmit ciaemyer ycaoBue a < 1. Beipasum addexktuBHyto
YIVIOBYIO 2KECTKOCTD k(@) B IPON3BOJILHOM IIOJIOXKEHUN 1 HailiéM eé 3HadeHue ko
B IIOJIOZKEHUN PABHOBECHUSI:

dM  B2Sl
k(o) = _% = m (1 —(a—1)cosp — 2 cos? <p) ,
B?Si mgl
ko = k(o) = - (20— a2) = 22 (2 — a).

ITonoxkureapbHOCTD k) O3HAYAET, 9TO HANJICHHOE MOJIOKEHUE PABHOBECHUS JIeii-
CTBUTEJIBHO SIBJISIETCS YCTONYIUBBIM U KOJIEOAHUsT OKOJIO HEr0 BO3MOXKHBI. MoMeHT
nnepiun I KapaHIAIa OTHOCUTEIHHO OCH, IPOXOJSINEll 9epe3 ero TOYKY OMOPbI
HepIeHMKY/IAPHO KapaHJalTy, Toraa JadTca Tabmmranoit dbopmymoit I = mi?/3.
WckoMblil tepros, Kpy THIIBHBIX KOJIEOAHWIT NMeeT BUJ
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IIpumepraa cucmema OUEHUBAHUA

BoIparKeHme [T I .. ..o 1
Boipazkerue Jurst M () ..o 2
OrBer s oo TIPH 2B2S > [gMg ..o 2
OtBet mst 0o UPH 2828 K LOMG oo oo e e e e 1
BBIPArKEHUE ITIST K . v oo v oottt e e e e 2
OTBET IJIA T o 2

3agavya 5. YroJakoBbIii OTpaXkaTeJib U OCKOJIOK JIMH3BI

N3zobpa3um nHa KJjeTwuaToit Gymare cedeHme ONTUIECKON CHCTEMBbI ILJIOCKOCTBIO,
[IPOXO/ISAIIEl Yepe3 TVIABHYIO ONTHYECKYI0 OCh OCKOJIKA JIMH3BI MEPICHIUKYIISTPHO
obonMm 3epkajam (puc. 7). OTMeTHM GOJIBIIUMA TOYKAMI OCHOBHBIE JIEMEHTHL: 00-
muit Kpaii 3epkaji C'; ICTOYHUK cBeTa S, onTudecKuil meHTp ockoyka O, ero doky-
col I u Fy, a takxke ero kpasgs A u B, paciiojloyKeHHble Ha Pa3HBbIX PaCCTOSTHUSIX
or nearpa: OA = R >r = OB.

YT00BI HE 3aIlyTATHCS IPU TIOCTPOECHUU N300PaYKEHUIT, TPOHYMEPYEM 3JIEMEHTHI
(1 — mepBoe 3epKaJjo, 2 — BTOPOE 3ePKaJIO, 3 — OCKOJIOK JIMH3bI) U OyJIeM IIHCATh
B HHJEKCe 0003HAUEHMS KAXKIOT0 N300PaYKEHNUs TOCIE0BATEIbHOCT HOMEPOB dJIe-
MEHTOB, Yepe3 KOTOPBIE MPOIILIN JIYYH, CO3/IaBIINe TaHHOE M300parkeHue.

YT00BI HE TOCTPOUTD JINITHIE U300PAYKEHUsI, CJIe/IyeT KaxK/Iblil pa3 MpoBepsaTh,
9TO ONTUYECKUIl 9JIEMEHT HAXOIUTCI B 00JIACTU BUIMMOCTH IIPEIMETA, TO €CTh 9TO
Ha ONTUYECKUHN JIEMEHT MAJAET XOTs ObI OJINH JIyd OT IIPE/IMETA.

IIpumenenre OOBIYHBIX MPABUJ MOCTPOEHUS M300PAXKEHUN B 3epKaJjie U JIMH3e
(HaroMHUM, 9TO J1I06ast YacTh JUH3bI CO31a6T U300parkeHne TaM Ke, [Je U [east
JIMH3a, HO BOT 00JIACTH BUAUMOCTH MOTYT pas3jindarses) gaér 20 nzobparkenuii, jasa
u3 KOTOpbIX (S12 1 So1) coBmamator (puc. 7).

Jly1st 6oJIbIIelt SICHOCTH PACCMOTPUM HEKOTOPbIE N300parkeHus OoJiee moapodHO.
TTockouibKy 3epkasia m0JIyDeCKOHEUHBIE, a JIMH3a NMEeT KOHEUHBIA pa3Mep, o0s3a-
TEJIbHO HANIYTCS JIyId, UAYIIre OT UCTOYHUKA, S K MEPBOMY 3€PKAJIy MUMO JIMH3BL.
TTocste orpazkenust oHE CO3/a Iy T n300parkenue S, HO MOMACTD B JINH3Y HU HAIIPSI-
MYIO, HU II0CJIE OTPAXKEHUs €eIé U OT BTOPOr'O 3epKaJia, CO3/aB TeM CaMbIM H300-
paxenwue Si2, OHA HE CMOTYT, B 9éM JIETKO YOEIUTHCs, PACCMOTPEB ITPOEKITUU ITUX
Jiydeil Ha IMJIOCKOCTH PUC. 7, TIO3TOMY n300pazKkeHuit S13 U S123 HE CYIIECTBYET.

Ectb poBHo nBa uzobpazkenus (S213 U S2132), KOTOPBIE JIEXKAT HE TOYHO HA [IE€Pe-
CEYEHUSIX JINHUN CETKH, IIO9TOMY UX IIOJIOZKEHUS HY2KHO BBIYUCIUTH 110 (DOPMYJIIaM.
M3o6parkEéHublit Ha puc. 7 MyHKTUPOM JIyd CO3IAET TOCJIE TTIEPBOTO OTPaXKeHUsT N300~
paxKeHue Ss, 1I0CJI€ BTOPOro — Sa1, & mocje upejoMienuss — Saps. [lycers [ = 2r —
dokycHoe paccrosinue JMH3bIL, ¢ = 13r u b — pPacCTOsiHUsT OT ILIOCKOCTU JIMH3bI
10 mpemamera So; W ero m300parkeHusi So13 COOTBETCTBEHHO, TOTJA U3 (DOPMYJIIBI
TOHKOI1 JIMH3BI 1I0JIy9aeM BbIPDaKeHIe

af 26

b= = —
a—f 1"
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a u3 1MoJ00us TPEYTOJTHLHUKOB, BOZHUKAIOIIUX TIPU TTPOBEJICHUH JIyta Ue€pPe3 OITUIe-
CKUIl TIeHTP JIMH3bI, HAXOJIUM PaCcCTOsIHME | OT S913 JI0 TJIABHOI ONTUYECKON OCH:

= 9 Ar = ﬁ
a 11
TMockonbky | < r < R, paccMaTpuBaeMbIil JIyd MOXKET UJITU B CTOPOHY BTOPOTO
3epKaJia, I03TOMy u300pazkeHue Soize OYIET CyIIecTBOBATH IPU JIFOOBIX 3HAYEHU-
sax R. TakuMm 0b6pa3oM, pacCTOsIHUSI T U Y OT JIIOOOro n3 n306parkeHuii Sa13 U S2132
JIO TJIOCKOCTEH [IEePBOr0 ¥ BTOPOTO 3€PKAJI COOTBETCTBEHHO UMEIOT BH/I:

x:5r+b:§r, y:2r+l:@r.
11 11

IIpencrasnennbie Ha puc. 7 n300pazkeHusl IOCTPOEHBI B TIPEJIIOJIOKEHUN R > 1,
a Terepb IPEJICTOUT BBISICHATH, KAKHE U3 HUX He OyIyT HAOJIOJATHCS MPU MEHb-
mux 3uadeHnsax R. s 9Toro Hy»KHO JJIsT KaryKJI0T0 M300ParKeHus MOCTPOUTD CO-
3/IAIOIIIE €r0 MPAHUYHBIE JIYUIH, JBUTAsCh MBICJCHHO B HAIIPABJICHUH K UCTOTHUKY,
U HAWTH WX TOYKHU HEPECEUeHUsl ¢ MJIOCKOCTBIO JUH3bL. VITOrOM 9TUX HECJIOKHBIX
(XOTS M MHOIOYUCJICHHBIX ) TIOCTPOEHUit gBJisieTcs TabJr. 1, u3 KOTOpoii cieryer or-
BET Ha BTOPOH Bonpoc (Tabu. 2).

Tabunuma 1

Tabnuma 2

Ecoan ... TO CylIecTBYerT ...
R/r | N

R > 1,5r S312 /

3 13
R > 4,57‘ 53123

5 14

R >38r S2313 1 S23132

10 16
R > 12r 531232

20 17
R > 21,5r S9312

40 19
R > 24,57‘ 523123 20 50
R > 44r 8231232

IIpumepras cucmema OUeHUBAHUA
Pucynok ¢ 20-10 uzobpaxkenusgmu (1o 0,25 6a/ioB 3a Kaxkioe u300pazke-
HUe B MpaBUILHOM MecTe, Munyc 0,25 baJura 3a KaxKi0e n300pazkenne

B OIIKOOYHOM MeCTe, HO HE MEHbBIIe HyJsd B CyMME 3a 9TOT LYHKT) .. ..... 5
SHATEHIST L TL Y e v e ovevet e et et e et et e et e e et et e e et e e e e 2
Bce mects 3nadenuit N (o 0,5 6ajuta 3a KaxK0e BepHOE 3HAYCHUE) .. ... .. .. ... 3
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A g Junior league
Sa3123
Problem 1. Balls with cavities
The first ball is made of a homogeneous material of density 2p and has a
spherical cavity of radius R, a boundary of which passes through the center of the
- Soay S ball and touches the surface of the ball. The second ball is made of a homogeneous
material of density p and has a spherical cavity of radius 2R, a boundary of which
passes through the center of the ball and touches the surface of the ball. The balls
are arranged so that both they touch each other and their cavities touch each other.
Find a force F of gravitational attraction between the balls.
S312
Problem 2. Hill and two weights
- A hill rests on a smooth horizontal plane, surfaces of the hill on both sides
—- _‘?2.1_ P e Sy S Sy smoothly transition to the plane. Two identical weights are attached to the hill at
_ PREPY o \“\ ! the same height, a mass of each weight is by a factor of i less than a mass of the
S313 [, S~ VB o . hill without the weights. Initially, the first weight comes off and slides to the left,
>t BN \f 2 ey i and then, when it no longer touches the hill, the second weight comes off and slides
.C’ to the right. The weights do not bounce during these motions on the hill, and after
op) So1 the slides they move translationally.
1. Find a ratio va/v1 of speeds of the second and first weights respectively
S3132 * S35 S312 Siy relative to the plane after terminations of their contacts with the hill.
2. For what values of p will the hill catch up with the first weight?
S50 Problem 3. Circular cycle
A monatomic ideal gas in an amount of ¥ = 1 mol
completes a cyclic process, which has a form of a
circumference in a PV diagram on a certain scale (fig. 8).
At each of eight numbered points, the diagram touches
S53130 an isochor, isobar, isotherm, or adiabat. Amounts of heat,
S2312 which were exchanged by the gas with surrounding bodies
at each part, are known: Q12 =7J, Q23 =2 J, Q34 =4 J,
Qa5 =11J, Q56 =5J,Qe7 =1 J,Q7s =3 J, Qg1 = 12 J.
1. Determine exactly, which polytropes are touched by
Sa31232 the diagram at each numbered point. Fig. 8
2. Find work A of the gas per cycle.
Puc. 7 3. Find an efficiency 7 of a heat engine operating according to this cycle.

4. Find a temperature difference AT in states 1 and 5.
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Problem 4. Charge around dipole

At a distance r from a point charge ¢ of mass m there is a point dipole, a dipole
moment p of which is perpendicular to a segment connecting the charge and the
dipole. The charge is released, but the dipole continues to be held. Find a speed
v of the charge at that moment when it crosses a line, which passes through the
dipole along its dipole moment.

Hint. An electric field strength E, created by the point dipole with the dipole
moment p at a point A is found using a formula

= 3k(pr)r  kp

where k is a constant from Coulomb’s law, 7 is a vector drawn from a point of
dipole position to the observation point A.

Problem 5. Shadow of rotating barrier
A thin opaque barrier having a shape of a rectangle with sides H and 2R
uniformly rotates about an axis passing through the center of the rectangle parallel
to the side H with an angular velocity w = mc/(3Rv/3), where c is the speed of light
in vacuum. The barrier is placed in a wide beam of light, which is perpendicular
to the axis of rotation and a screen that is after the barrier. Find an area S of a
full shadow on the screen without taking into account diffraction phenomena.
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Senior league

Problem 1. Boat and barge
A boat, evenly pulling a barge on a long rope, moves with it slower by a factor
of a than without it with the same force of screw thrust. If, moving with the barge,
the boat turns off an engine, then the barge will cover till a full stop a distance by
a factor of B greater than the boat. By which factor a mass of the barge is larger
than a mass of the boat? A resistance force of water is directly proportional to a
speed.

Problem 2. Drop in tube between vessels
Two identical rigid vessels are filled with different ideal gases, having
temperatures 71 and T (and 77 < T%), and they are connected by a thin horizontal
cylindrical tube of length L, in the middle of which there is a drop of mercury in
equilibrium, which does not wet walls of the tube. A volume of the gas in the tube
is a very small fraction a of the volume of one vessel. How will a position of the

drop change if the temperature in both vessels is increased by the same amount
AT?

Problem 3. Capacitors and coil

Initially uncharged capacitors of capacitances C; and C3 and an ideal source
of EMF & were connected in series, and then at the zero moment of time a coil of
inductance L was connected in parallel with the capacitor Cf.

1. At what moment of time ¢; will a current through the coil be maximum for
the first time?

2. Find the maximum current Iy through the coil.

3. At what moment of time to will a voltage across the capacitor Co be maximum
for the first time?

4. Find the maximum voltage U, across the capacitor Cs.
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Problem 4. Wooden core

Many turns of a thin wire are tightly wound in one layer on cylindrical part
of a long sharply ground axisymmetric wooden pencil, and ends of the wire are
connected. The pencil with the wire can be considered as a homogeneous cylinder
of mass m and cross section S. The pencil is carefully placed with its pencil lead
down on a horizontal rough surface, an external uniform vertical magnetic field of
induction B is switched on, then the wire is cooled into a superconducting state,
after which the pencil goes out of a position of unstable equilibrium.

1. Find an angle ¢ of deviation of the pencil from a vertical in a position of
stable equilibrium.

2. Find a period T of small oscillations of the pencil in a vertical plane passing
through an axis of symmetry of the pencil in the position of stable equilibrium, if
it is known that these oscillations are possible.

Problem 5. Corner reflector and fragment of lens

Two semi-infinite plane mirrors are arranged at a right angle to one another
and touch each other with their edges, forming a corner reflector. The larger of
fragments of a thin collecting lens of radius R with a focal length 27, which is split
exactly along a chord passing at a distance r from the center of the lens, is located
so that its main optical axis is perpendicular to the first mirror, the split line is
parallel to the second mirror, and the optical center is located at distances 5r and
2r from the first and second mirrors, respectively. A point source of light is on the
main optical axis of the fragment and is located at distances 3r and 8r from it and
the first mirror, respectively.

1. Under a condition R > r, find all images of the source in the described
optical system and mark their positions relative to it on graph paper, taking a side
of a square equal to r. If an image does not lie exactly at an intersection of grid
lines, then specify calculated values of distances from this image to planes of both
mirrors.

2. Find a number N of images for each of six variants: R/r € {3;5; 10; 20; 40; 80}.
Images created by different elements of the optical system and found at the same
point are considered as different ones.
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Possible solutions

Junior league

Problem 1. Balls with cavities
Conditions of contact of balls and their cavities unambiguously determine sizes
and an arrangement of the balls with the cavities: all four centers lie on the same
axis x at points with coordinates indicated in fig. 9.

Fig. 9

Instead of the balls with the cavities we consider balls without the cavities
and virtual balls enclosed in them, coinciding with the former cavities and having
opposite (negative) densities, so that a total density of the material in the region
of cavities is still zero.

We will denote the gravitational constant by v, V = 47R3/3 is the volume
of the smallest ball (the former smaller cavity), we will take into account the
proportionality of the volume of the ball to the cube of its radius and we will
find the required force F' as a vector sum of forces of gravitational attraction of
each pair of the balls located on different sides of the common tangent plane:

V- (2p-2°V) - (p-4V) v (20-2°V) - (=p-2°V)

F:
(2R + 4R)? (2R + 2R)?
V(=20 V) (p V) v (=20 V) (=p-2°V)
(R+4R)? (R+2R)?
3848 4p?V2 6156872

vp?R* ~ 300vp*R*.

225 RZ 2025

Note. We recall that the law of universal gravitation is written down by the
exact formula F' = ymyma/r? only for spherically symmetric bodies of masses m;
and mo, not a single point of any of which is inside of the other body, and r is the
distance between their centers of symmetry, but in a case of bodies of another form
this formula becomes only approximate.
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Grading system

The calculation of the radii of both balls................. ... ... .. ... ..... 1
The determination of the relative location of all four centers.................... 1
The idea of consideration of the balls with the negative densities.......... ..... 2
The use of the formula for the volume of the ball............................... 1
The use of the formula from the density definition.............................. 1
The use of the law of universal gravitation ................... ... .ot oi.. 1
The obtainment of the final answer .......... ... ... ... ... ... ... ....... . ... 3

Problem 2. Hill and two weights
Let M and m be the masses of the hill without the weights and each weight
respectively, H is the initial height of the weights above the plane, u; is a speed of
the hill with the second weight immediately after the slide of the first weight from
the hill, then laws of conservation of momentum and energy for the process of slide
of the first weight have the form

mo? n (M + m)u?
2 2 ’

mvy = (M 4+ m)uy and mgH =

from which, taking into account a notation u = M/m, we find the speeds:

1 2g9H
v1 = 4/29H - ptl and UL = g—'
V o+ 2 (k+1)(n+2)

Note. Once again we draw attention of readers to the fact that it is advisable
to check every meaningful formula not only in dimension, but also in special cases.
For example, in a case of a very massive hill (ux — 400) an answer should be a
known formula v; = /2gH, and in a case of a weightless hill (1 = 0), the energy
will equally be divided between the weights, i.e. an answer should be an expression
v1 = /gH. Substitution of the indicated values of x4 into the general formula for
vy gives the expected special results that testifies in favor of its correctness, i.e. it
is a probabilistic confirmation, since it does not give a full guarantee.

We go to a frame of reference, moving to the right with the speed wuy, so that
one can consider the slide of the second weight in the same way as the slide of the
first one. Let v} and u/, be speeds of the second weight (to the right) and the hill
without the weights (to the left), respectively, immediately after the termination of
contact of the bodies in the chosen frame of reference, then a replacement of p + 1
by u in the formulas for v; and w; (this method is called «index juggling») allows
one to immediately write down:

29gH
’Ué = 2gH . % and 'LL/Q = ﬁ
V 1 (g
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The magnitude vy of velocity (directed to the right) of the second weight and
the magnitude us of velocity (directed to the left) of the hill in the initial frame of
reference have the form

2gH 1
Vo = vy +u _1/—< +7),
2 2 1 1 Vi e
o — 1y — 1y — ﬂ(i_ ! )
S VPR | N/RVITE Y

Note. We note that a condition us > 0 is always true, i.e. the hill will eventually
go to the left, which is quite logical, since the first weight "kicked"the hill to the
right, and the second weight "kicked"it to the left, but in the second case the hill
was already "lightened"by one weight, so the second «kick» changed its speed more
forcefully.

Thus, an answer to the first question has been found:

v _ Vep+2)+1

U1 w1

To answer the second question, it is necessary to solve an inequality us > vy,

or
29H 1 1 / pw1
—— | —=— ) >/29H - ——,
u+1<\//7 \/u+2> T

from which, after simplification, we obtain a quadratic inequality

2+ 2u—1<0,

a solution of which, taking into account a physical meaning (1 > 0), has a form
n<V2—1.
Grading system

The use of the law of conservation of momentum................ .. .. ... .. ... 1
The use of the law of conservation of energy............. ..., 2
The exXpression fOr U1 ..o e 1
The exXpression fOr Uy . ...t 1
The expression for Vg .. ..o e 1
The expression for U ... ..o 1
The answer fOT U9/U1 «.vv ittt e e 1
The answer for 1 ... ..o e 2
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Problem 3. Circular cycle

In the PV diagram, isochors and isobars are straight lines parallel to coordinate
axes, therefore, points 1 and 5 are the points, at which the cycle diagram touches
the isobars, and the cycle diagram touches the isochors at points 4 and 8. The
isotherm has a form of an ordinary hyperbola, and the adiabat is a hyperbola of
a higher degree, i.e. at an intersection point of the isotherm and the adiabat, a
tangent line to the latter has a larger angle of inclination, therefore, points 2 and
6 are the points, at which the cycle diagram touches the isotherms, and the cycle
diagram touches the adiabats at points 3 and 7.

At points 3 and 7, where the cycle diagram touches the adiabats, a heat input
is replaced by heat removal and vice versa, which allows finding the supplied @+
and removed (Q_ amounts of heat per cycle:

Qt = Q78+ Qs1 + Q12 + Q23 = 24 J,

Q- = Q34+ Qus + Qs6 + Q7 = 21 J.

Using the law of conservation of energy, we express the work of the gas per cycle
A=Q+—-Q-=31J.
We find the efficiency of the thermal machine cycle from its definition:

_ 4 _1
Q+ 8

The work per cycle is proportional to an area bounded by the cycle diagram in
the PV diagram. A segment connecting points 1 and 5 is a diameter, i.e. it divides
this circle in half. And since points 1 and 5 lie on one isochor, the work performed
by the gas in an 8-1 process is by A/2 greater than the work done on the gas in a
5-8 process, i.e. their algebraic sum is equal to A/2.

The first law of thermodynamics for a 5-1 process has the form

4
2 )

Ui

3
—Qs6 — Qo7 + Qs + Qg1 = §I/RAT +

from which, after substitution of A in a general form, we find the last answer:

_ —Q12 — Q23 + Q34 + Qus — Q56 — Qo7 + Q7 + Qa1

AT SR ~ 0,6 K.
Grading system
Determination of touching polytropes at each numbered point.................. 2
The answer for A .. ... 3
The answer for 7. .. ..o 2
The answer for AT .. .. e 3

30 XXIV International olympiad "Tuymaada”

Problem 4. Charge around dipole
The formula given in the problem statement for the electric field strength of
the point dipole allows representing a force F= qE acting on a point charge in a
form of a vector sum of forces Fy and ﬁg, the first of which is directed opposite to
the dipole moment, and the second one points along a straight line connecting the
dipole and the charge, which, after finding out the scalar product pr’ with account
of a direction of the vector p, chosen in fig. 10 , leads to expressions

kplq

~ kplq and
- 3
"

3

Fi Fy,=3 cos .
Similar expressions for forces take place in another (in outward appearance
quite unlike) problem, which we shall now consider. Let a small body of mass m be
suspended on a weightless inextensible thread of length 7, the thread is deviated till
a horizontal position and released. What forces act on the body during a subsequent

motion?

d¢m

F

The body will move along a circumference of radius r under the action of a force

of gravity Fi = mg and a tension force of the thread F5. Let v be an instantaneous
speed of the body, ¢ is a deflection angle of the thread (fig. 11), then the law of

conservation of energy and Newton’s second law in a projection on a direction of
centripetal acceleration have the form

m’U2 2

v
T:mgrcosgo and m - — = Fy —mgcos ,
r
from which we find F» = 3mg cos . Thus, the expressions for the forces in both
problems essentially coincide, and for a complete analogy between the problems a

planet can be chosen with a free fall acceleration satisfying a condition
kplq|
mg = 3 (5)

From the considered analogy it follows that the charge under the action of the
field of the dipole can move along the circumference with the radius r, and from
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uniqueness of a solution of equations of motion it follows that this is how it will
move.

The law of conservation of energy during the motion of the body from the top
point to the bottom one has the form

mv2

5 = mgr,

from which, taking into account formula (5), we get a final answer:

2k
U:\/2572 P|Q|'

mr2

Grading system

An idea of consideration of the similar problem ........................... ..... 3
A proof of similarity of the problems............ ... .. . . i 3
A mention of the uniqueness of the solution of the equations of motion.... ..... 1
The final ansSwer .. ... ... e 3

Problem 5. Shadow of rotating barrier

A light ray falling on a border of the full shadow must pass through edges A
and B of the barrier in its two positions (fig. 12), and a photon moving along this
ray must fly a segment AB during a time of a rotation of the barrier between these
positions. A similar condition takes place for a ray symmetric with respect to the
rotation axis, therefore, the shadow will be symmetric with respect to a projection
of the rotation axis on the screen.

Let ¢ be an angle between the considered positions of the barrier, then an
equality of the times of the flight of the photon and the rotation of the barrier has

the form:
2R © %)

— Ccos — = —
c 2 w’

from which, after a substitution of the expression for w, we obtain an equation

e V3
PRI

- COS
2

T
3
We note that a value ¢ = 7/3 is a root of the equation. In an interval ¢ €
€ (0;m) the left-hand side of the equation is a strictly decreasing function, and
the right-hand side is strictly increasing, therefore, the equation cannot have more
than one root in this interval, i.e. the found root is the only one.
A width L of the full shadow has the form L = 2Rsin(¢/2) = R, and its length
coincides with H, from which we find the required area: S = RH.
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Fig. 12
Grading system
Identification of boundary positions of the barrier.............................. 1
Equalization of the times of the flight and the rotation.................... .. ... 2
The value of @ . ... 3

The answer
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Senior league

Problem 1. Boat and barge

Since the rope is long, the resistance force acting on one ship (the boat or
barge) does not depend on the movement of the other ship. Let k; and ks be
proportionality coefficients between the resistance forces and the speeds of the
boat and barge, respectively, Fy is the force of screw thrust, v is the speed of the
boat with the barge, then conditions of evenness of steady movements have the
forms

Fo=k -av and Fy = kv + kov,

from which we get a relationship
kg = (Oé — 1)k1 (6)

We consider a movement of a body of mass m having an initial velocity wvg
under action of a resistance force F = —kv, where v is the instantaneous speed
of the body, and k is the coefficient of resistance. From Newton’s second law in a
projection on an x axis along the initial velocity

ma = —kv

after an integration over time till a moment of stop we obtain an equation

0 S
, or m(vg — 0) = —k(0 — S),

0

= —kx

muv

Vo
from which we find a distance S covered by the body till the moment of the stop:

_ mu
§ == (7)

Note. We offer readers to independently derive a formula ¢ = LIy/R for
a charge ¢ flowed during all time in a circuit consisting of a coil of inductance L
and a resistor of resistance R, if an initial current in the circuit was Iy, and to think
about reasons for a similarity between this formula and formula (7), then compare
their conclusions with «electromechanical analogies» described in literature.

Let m and mgo be masses of the boat and barge respectively, then formula (7),
applied to their inertial motion, leads to an equation

miv mov

k1 ko’
from which with the use of formula (6) we obtain the required ratio of masses:

m2 _ (a—1)p.

mi
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Grading system
The obtainment of the relationship between the coeflicients of resistance .. ..... 3
The derivation of the formula for the distance covered during the inertial
motion in a viscous Meditum . ... ..ottt 4
The ANSWET . . o ettt ettt e e e 3

Problem 2. Drop in tube between vessels
The same absolute increase of the temperature of both gases means a larger
relative increase of the lower temperature 77, therefore, pressure of the first gas
will increase and the drop will be shifted towards the second gas until an equality
of pressures is restored.
Let P be the initial pressure in each vessel, V is the volume of each vessel, then
the Mendeleev-Clapeyron equations for each gas have the form

—— = const —— = const
T ’ Ts ’

from which, after taking the logarithm and differentiation, we obtain equations

APy,  AVy ATy APy AVy ATy
P+V_T1_O’ P_V_Tg_o’ (8)

where AV} is a change of volume, which is equal to half the volume of the tube
and having different signs for different gases while APy and AT are changes of
pressure and temperature, for which the drop is shifted to an end of the tube.
Appropriateness of substitution of these finite increments instead of infinitesimal
differentials dP, dV', and dT follows from a condition o < 1. After subtraction of
equations (8) and substitution of a relation AVy = aV/2, we obtain an expression

Thus, for large changes of temperature (AT > ATp) the drop will flow into the
second vessel, after which the gases will mix, and for small changes of temperature
(AT < ATyp) the drop will be shifted by a distance Az, which, by virtue of the
condition av < 1, can be assumed to be linearly dependent on the temperature:

L AT  L(T-T)

Ar=5 X T Teamm, AT
Grading system
Justification of shift of the drop towards the second vessel...................... 1
The use of the Mendeleev-Clapeyron equation (the ideal gas law)............... 2
Finding the end value ATy .. ..o e 3
The answer for small AT (the expression for Az) ...................oo . 3
The answer for large AT (a result description) ............cooiiiiiiii s e, 1
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Problem 3. Capacitors and coil
Note. A typical solution of such problems involves consideration of flowed
charges and work of source, however, there is a much more effective approach based
on a simplification of circuits using properties of series and parallel connections
of elements in situations, when according to a widespread misconception it is
supposedly impossible to do.

We will find an initial voltage Uy across the capacitor C; Cy &
immediately after a connection of the source and before a I_I
connection of the coil using the properties of the series
connection: (&

UO:L.(%.@:%'
(& C1+ Cs Ci+Cs L
T

We will redraw the circuit after the connection of the Fig. 13
coil in a more obvious form (fig. 13). We will replace the
source and the capacitor Cs connected in series by an equivalent capacitor of
capacitance C's = (s, a voltage across which differs by & from the voltage across the
capacitor Cs. Next, we will replace the capacitors C; and C5 connected in parallel
by an equivalent capacitor of capacitance C' = Cy + C5 with the initial voltage Uy,
which will turn the circuit into an ordinary LC' circuit, a period T of oscillations
in which will be found from the Thomson formula: T' = 27/L(C} + C5).

1. The maximum current through the coil will be observed for the first time
after a quarter of the period after the maximum of voltage across the equivalent
capacitor C, which was at the initial moment of time:

2. We will write the law of conservation of energy for the oscillations:

cvs _ 113

2 27

from which we will find the maximum current:

Io = U ¢ Cr&

L VL(C1+ Cy)

3. The voltage across the capacitor Cy will be maximum (in absolute value),
when the voltage across the capacitor C' will be maximum and opposite in sign to
the voltage on the source, i.e. this will happen for the first time after half a period:

T
to = 5 :W\/L(Ol +CQ).
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4. The maximum voltage across the capacitor Co we will find from a condition
of its difference by & from the voltage across the equivalent capacitor:

Cs
Uy, = U E=(1+——7]|.
2 ot ( +C1+CQ)

Grading system

The answer fOr €1 ...t 2
The answer for I . ...t e 3
The answer fOr 1o ... 2
The answer for Us .. ..o e e e e 3

Problem 4. Wooden core
Let N be a number of wire turns, ¢ is a deviation angle of the pencil from
the vertical, then a change A® of the external magnetic flux through a solenoid in
comparison with a flux in the vertical position is given by an expression

Ad = BSN(1 —cos ).

We denote by o the magnetic constant and let [ be a length of the cylindrical
part of the pencil, then the wire wound around it forms the solenoid, inductance L
of which has the form
_ juSN?
= "

In a superconducting solenoid, a current is induced, which creates its own
magnetic flux compensating a change of the external magnetic flux, whence we
find a induction current I:

L

7= A®  BI(1—cosp)
L polN '

Using a formula for a moment of forces acting on the turn with the current in
the magnetic field, we express a total moment M; of the magnetic forces acting on
the solenoid:

B?S1(1 — i
M= —N-B-IS-singp — - B Zcosp)sing
Ho

where the minus reflects the fact that this moment tends to decrease the angle ¢.
Also, a moment My, created by a pair of forces (of support reaction and gravity
force), acts on the pencil:
mglsin ¢
2
Note. The pair of forces is an integral term, and not just any two forces. The
two forces are called the pair only if their vector sum is equal to zero. The moment,
created by the pair of forces, is calculated as a product of a magnitude of one force

M, =
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multiplied by a distance between lines of action of forces and does not depend on
a choice of a pole (prove it yourselves). The magnetic forces add up to zero, and
the gravity force is balanced by the support reaction, therefore, in a calculation of
both moments M; and Ms, there was no need to select a pole.
We will write a total moment M of the forces acting on the pencil:
myg BQS(I—COS@)) .
—— =] - lsine.

M:M1+M2:(——
2 Ho

From an equilibrium condition M (¢g) = 0 we find an expected zero deviation in
the position of unstable equilibrium and the required deviation ¢q in the position

of stable equilibrium:
Hommg

- 2B2S°

We note that for a negative value of the expression for cos g the pencil does
not fall through the support, but will lie on it stably, therefore, a full answer to the
first question looks like this:

cospp =1

2B%S > pgmg;

Hotng .

1— ) T

arccos ( 5525 i
Yo =

5 if 2B2%S < pomg.

To simplify further calculations, we will introduce a notation

o — Homg
2B2S

and we will rewrite with its use the formulas obtained earlier:
B2S1
Mo

cospg =1—a, M = (a — 1+ cos ) sin .

The pencil lying on the support cannot oscillate, therefore, a condition a < 1
follows from a possibility of the oscillations under consideration. We express an
effective angular stiffness k() in an arbitrary position and find its value ko in the
equilibrium position:

dM B2Sl1
k(o) = _% = m (1 —(a—1)cosp — 2 cos? <p) ,
B2S] maql
ko = klgo) = == (20— a?) = B9 (2 - a).

Positivity of kg means that the found equilibrium position is indeed stable and
the oscillations near it are possible. Then, a moment of inertia I of the pencil
relative to the axis, passing through its support point perpendicular to the pencil,
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is given by a table formula I = mi?/3. The required period of torsional oscillations

has the form
T =27 i =27 271771
V ko 39 (2 - 5%8)

Grading system

The expression for . ... e e 1
The expression for M () .. oot 2
The answer for g, When 2B2S > 101G . .« .o vttt 2
The answer for g, when 2B2S < lo1g oo\ e et e 1
The expression for Ko ... ..ot e 2
The answer fOr T . ... e 2

Problem 5. Corner reflector and fragment of lens

We will show on the graph paper a cross-section of the optical system by a plane
passing through the main optical axis of the lens fragment perpendicular to both
mirrors (fig. 14). We will mark the main elements with large dots: the common
edge of the mirrors C, the light source S, the optical center of the fragment O, its
focuses F} and Fy, as well as its edges A and B located at different distances from
the center: OA = R >r = OB.

To avoid confusion when constructing the images, we will number the elements
(1 is the first mirror, 2 is the second mirror, and 3 is the lens fragment) and we
will write in an index of a notation of each image a sequence of numbers of the
elements wherethrough the rays, which generated the image, passed.

To avoid building unnecessary images, it is necessary to check each time that
the optical element is in visibility scope of an object, i.e. that at least one ray from
the object falls on the optical element.

Usage of usual rules of construction of images in the mirror and lens (recall
that any part of the lens creates the image in the same place as a whole lens, but
scopes of visibility can differ) gives 20 images, two of which (S12 and Sa1) coincide
(fig. 14).

For greater clarity, we will consider some images in more detail. Since the mirrors
are semi-infinite, and the lens has the finite size, there must be rays going from
the source S to the first mirror past the lens. After reflection, they will create
an image S7, but they will not be able to get into the lens either directly or also
after reflection from the second mirror, thus creating an image Si2, which is easy
to verify by considering projections of these rays on the plane of fig. 14, therefore
there are no images S13 and Si23.

There are exactly two images (So13 and S2132) that do not lie exactly at
the intersections of grid lines, therefore their positions must be calculated from
formulas. A ray shown in fig. 14 by a dotted line creates an image Sy after the first
reflection, So; after the second one, and So13 after refraction. Let f = 2r be the
focal length of the lens, a = 137 and b are distances from the plane of the lens to
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the object So1 and its image Ss13, respectively, then from a thin lens formula we

obtain an expression
af 26
b= = —r,
a—f 11
but from similarity between triangles that arise when a ray passes through the
optical center of the lens, we find a distance [ from S513 to the main optical axis:

l= 9 “Ar = ﬁ
a 11
Since | < r < R, the considered ray can go towards the second mirror, therefore the
image S2132 will exist for any values of R. Thus, distances z and y from any of the
images S213 and Ss132 to the planes of the first and second mirrors, respectively,
have the form:

81 30
:v—5r+b—11r, y—2r+l—11r.

The images presented in fig. 14 are constructed under an assumption R > 7,
and now it is necessary to find out, which of them will not be observed for smaller
values of R. To do this, it is necessary to construct for each image boundary rays
creating it, mentally moving towards the source, and to find their intersection points
with the plane of the lens. A result of these simple (albeit numerous) constructions
is table 3, from which an answer to the second question (table 4) follows.

Table 3

If then th ist Table 4
en there exists ... Rjr [N
R >1,5r S312
3 13
R > 4,57 S3123 5 14
R > 8r Sa313 and Sa3132
10 16
R > 12r S31232
20 17
R > 21,5r S2312
40 19
R > 245r S23123 30 120
R > 44r 5231232

Grading system
The figure with 20 images (0.25 point for each image in a right place, minus
0.25 point for each image in a wrong place, but not less than zero in

total for this point)....... ... 5
The values of z and y. .. ... 2
All six values of N (0.5 point for each correct value) ...................... ..., 3
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