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XXIII MexayHapoaHasa oaumnuaga «Tyilimaama»

Ezxeromno B miose B cromune Pecriy6mmkn Caxa (fxyTtus) — ropome fAxyrek — mpo-
xomuT Mexk/IyHapo/iHas OJIUMIIna1a MKoIbHUKOB « Tyiimaanas 1o ¢pusuke, MmareMaTuke,
nadopmaruke u xumun. Oymmvnuany opranmsyer Muuucrepcrso obpasosanua PC ()
u Cesepo-Bocrounbtii degepanbubiii yuusepcurer um. M. K. Ammocosa na 6aze dpusuko-
marTemarudeckoro dopyma «Jlenckmit kpaii». B pasubie ronpl B osimMnajie IpUHIMAIIN
ydgacTue mMKOJbHUKKA u3 Azepbaiimkana, Benbrun, Boarapuu, [epmanun, Kasaxcrana,
Kuras, Keipremscrana, Mekcuku, Mourosinu, Pymbinun, CIITA | Tannanga, Typuun, @pan-
unn, FOxnoit Kopen n, koneuno, 3 pa3ubix pernoHos Poccun, Britouast Mocky, CankT-
IleTepbypr, Yensouuck u apyrue ropomga. Takxke B «TyiiMaane» peryasipHO yIacTBYIOT
weHbl cO0pHOM Poccun u mpu3éphl 3aKTIOUNTETHLHOTO dTana Beepoccniickux ommMmua.

CorytacHO JIefICTBYIOIIEMY ITOJIOXKEHUIO OJIMMIINA/A 110 (PU3UKe BKIIIOYAET B cebsl J1Be
JINTH: CTapPIIyIO W MJIAANIyI0. B crapimeil jure mpuHNMAIOT yIacTHE YUAIUECsS BBITYCK-
HOT'O W IPEJIBBIIIYCKHOIO KJIACCOB, 8 B MJIAJIIEHl — BCE OCTAJIbHbIE IIKOJIBHUKU. 3aadu
cTaplIeil JIUT'H 110 IPOrpaMMe U CJIOZKHOCTU COOTBETCTBYIOT MeK1yHapo1HOi pusndecKoit
onmMmIMae, a 3amaqn miasmeit aurn — 10 kmaccy Beepocenitckoit omummuaast. B kaxk moit
JIATe MIPOBOSTCS JIBa Typa: TEOPETUYECKU M dKCIIepUMeHTaJ bHbIN. Ha Teopernueckom
Type B KaKJIOil JIure IpejylaraeTcs IO IATh 33/1a9, & Ha KCIIEPUMEHTAJIBHOM — IIO JIBE.
Kaxaprit Typ aimmurcs 5 acTpOHOMIYECKUX TacOB.

XXIII International olympiad "Tuymaada"

Every year in July in the capital of the Republic of Sakha (Yakutia), the city Yakutsk,
the International School Physics, Mathematics, Informatics and Chemistry Olympiad
«Tuymaada» takes place. The Olympiad is organized by the Republic Sakha’s (Yakutia)
Department of Education and North-Eastern Federal University n.a. M.K. Ammosov
on the base of the physico-mathematical forum «Lensky District». In different years
students from Azerbaijan, Belgium, Bulgaria, China, France, Germany, Kazakhstan,
Kyrgyzstan, Mexico, Mongolia, Romania, South Korea, Thailand, Turkey, the USA
and, of course, from different regions of Russia, including Moscow, Saint-Petersburg,
Chelyabinsk and other cities, took part in the Olympiad. Also members of Russian
national team and prizewinners of final stage of All-Russian Olympiads regularly
participate in «Tuymaadas.

According to current regulations, Physics Olympiad includes two leagues: senior league
and junior league. Students of graduation and pre-graduation classes participate in senior
league, all the other school students — in junior one. Senior league problems correspond
in programm and difficulty to those of International Physics Olympiad, junior league
problems — to those of 10th class of All-Russian Olympiad. In each league two rounds
are held: theoretical one and experimental one. In theoretical round five problems are
provided in each league and in experimental round — two problems. Each round lasts
for 5 clock hours.
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Maagimmas jgura

3amadva 1. [Ilapsr B 6eCKOHEYHOM OKeaHe

Homyctum, aTo Best Beesennast 3armosinena HEC2KUMAEMOH KUJIKOCTHIO TLJIOTHO-
CTBIO Py, B KOTOPOIl Ha OOJIBIIOM PACCTOSHUM L IAPYr OT JApyra HAXOSITCS IBA
OJTHOPO/THBIX TBEPIBIX IIapa 00bEMOM V' KaXKJbII U IJIOTHOCTSME p1 U 2.

1. C kakoii cusoit F; B3anMOmeiCcTBYIOT Mapbl MeXKy co0O0it?

2. Haiiiure BeKTOpHBIE CYyMMBI Fo1 1 Fhy CHUJI JTABJCHUST KUJIKOCTHA HA TIEPBBIH
U BTOPO# 1ap COOTBETCTBEHHO.

3. Kakwue Buernnne cusbl F31 1 F30 HY?KHO TPUKJIAIBIBATH K IEPBOMY 1 BTOPOMY
apy COOTBETCTBEHHO, ITOOBI YIEP:KUBATHL UX B TOKOE?

4. Yemy paBHO yCKOpPEHHE @1 IEPBOrO Iapa cpaldy IOCJe OJHOBPEMEHHOT'O OT-
IycKaHust 000X IIapOB, €CJIU YCKOPEHUE BTOPOrO IIapa OKa3ajoCh PABHO a9

3amada 2. PactBopsl Iimroka

DkcrepumenTaTop [VIIOK IPOBOIUII ONBITHL C pa3-
6GaBJICHHBIME PACTBOpPaMU: OH B3sis1 U-00pa3Hyo TpyO- -
Ky, pa3/iesu e€ Ha JIBe YacTH [eperopoJiKoOi, Mpo- =
IIyCKAIOIIEH TOJIBKO BOJLy, U HAJMJI B OJHO KOJIEHO Ah —_ "
TPYOKM YHUCTYIO BOJY, a B JPyroe — pacTBOp Belle- [f————1--- |-
crBa X B Bojge (puc. 1). Iuniok m3mepmi okasaBury- [-= = — - -
10Cd OY€Hb MAJION JOJII0 & BEImEecTBa X OT OOIIero - - -
KOJIMYECTBA BEIIECTBA B IMIPABOM KOJIEHE W ODHApY- H2O_ _ —— H,O+X
JKWJI, 9TO TIOBEPXHOCTH KUJIKOCTEN B KOJIeHAX TPYOKN I
PACITIOJIOZKEHBI HA PA3HBIX YPOBHSX, IPUIEM PA3HOCTD Puc. 1
Beicor Ah 3aBucur oT Temneparypbl T mo dopmyiie
Ah = zRT/(1g), tne R — yHuBepcajibHas ra30Bag HOCTOAHHAA, (i — MOJISPHASI
Macca BOJIbL, § — YCKOPEHUE CBODOHOTO MaJICHUS.

1. Haiinure pasnocts AP jnaBjieHuil XKUJIKOCTEN 110 pa3Hble CTOPOHBI OT IIEPero-
pojiku. ITmoTHOCTD po 9UCTOl BOJBI U MOJIIepKUBaeMast TeMieparypa 1’ n3BeCTHBI.

2. Ha kakyio Besimunny AP, jaBieHre HACBIIEHHOI'O BOJSHOIO ITapa HaJ| pac-
TBOPOM MeHbIIe JaBjeHus P, HacblmeHHOTO napa HaJl ductoil Bomoit? Cuuraiire,
9TO BEHmecTBO X He UCHApSAeTCs.

3. Ha xakyto Besmunny AT} TeMmieparypa KHIIEHHs PacTBOpa IIpu armocdep-
HOM JlaBjieHUn Py Bblllle TeMIeparypbl KuleHus ducToil Bojabl? Temmeparypa Ty
KHUIIEHWs 9UCTON BOJBI 3aBUCHUT OT BBICOTHI z HaJl yPOBHEM MOps (B Iuamnas’oHe
MaJibIx BbicoT) 1o dopmyne Tj(z) = Ti(0) — Az, rme A — u3BeCTHAst KOHCTAHTA.
IInorHOCTH BO3IYXa p U3BECTHA.
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3amaya 3. Bycunka Ha BUHTOBOW JIMHUU
MasenbKyo OyCUHKY HAJeId Ha JJIUHHYIO MPOBOJIOKY, MU30THYTYIO B (opme
BUHTOBO# JIUHUU C maroM H, BOUCAHHYIO B BePTUKAJBHBIN IUJINHIAD paguycom R,
u oTiycTuin 6e3 HadaabHOI ckopocTu. Koadduiment Tperus Mex Iy mTpoBOJIOKOi
u OycuHKOI paBeH . Haiiure ycTaHOBUBIIHIICS MOIY/Ib CKOPOCTH ¥ OYCHUHKH.

3amayda 4. I[loouepémuoe 3a3emiieHne
Obkyankamu chepruIeckoro KOHICHCATOPA SIBJIAIOTCH JIBE
KOHIIEHTPUYECKUe Merajindeckue cdepbl pajgauycamu r u R
(r < R). Kongencarop 3apsiimam g0 Hanpsikenus Up, a 3a- ’
TeM C TOMOIIBIO TEPEKHIHOTO KJII0Ya HAYAJM MOO0YEPETHO 3a-
3eMJISITh O0KJIaJIKK KOHeHcaTopa (puc. 2). ITepsoii 3azemimim
BHYTPEHHIOIO ODKJIAJKY, 3aT€M BHEIITHIOI, TIOTOM CHOBa BHYT-
PEHHIO U T. . B urore Kazk 1yro u3 00KJIaI0K 3a3eMIAIN 1 PA3. Q

Hajinnre koneunnle 3apsaapl ¢, u (, Ha BHyTpeHHE 1 BHEIIHeR
00OKJIaJIKaX COOTBETCTBEHHO.

n

Puc. 2

3aga4da 5. DijeKTpoMaruuTHasi poJbra

JlBe 3aKpeIIéHHbIE TI0JIOCKK XOPOIIIO IIPOBOAIIEN (DOTBIN TTOIKITIO-
YeHbI C OJIHOTO KOHIIA4 K MCTOYHUKY C BHYTPEHHUM COIPOTUBJIEHUEM T,
a C JIPYroro KOHIa — K yHUBEpCabHbIM KjiemMmaM (puc. 3). Eciu mex-
JIy KJIEMMaMU HUYEro He MOIKJIYEHO, TO HMOJIOCKU B3AUMOICHCTBYIOT
¢ cuyoit Fi, a ecqim 3aMKHYTDH KJIEMMBI HAKOPOTKO, TO — C CIJION 5.

1. C kakoit cuyoii F3 OyayT B3amMoJefiCTBOBATH IOJIOCKHU, €CJIU
K KJIEMMaM IOJIKJIIOYUTh PE3UCTOP CONPOTUBIIeHHEM R7

2. IIpu kakom comporuBieHnn R sra cuja Oyjer HyJeBoi?

Puc. 3
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Crapuiag jura

3amada 1. HeonpeneaunBmmiica mapuk
JBe GoJbIliie TJIajKue TJINTHI JIBUKYTCSI COHA- [ 7%
[IPABJIEHHO U TEPIEHUKYJISIPHO CBOUM ILJIOCKOCTSIM U
€ NOCTOAHHBIME CKOPOCTAMU i u U (puc. 4). Ma-
JIEHBKUH JIEPKWI MApUK JIBUXKETCA MEXKJIy TLIHTa-

MU, YIPYro OTParKasiCh OT HUX. B HavaJbHbBIH MO- 7 U1 H U2
MEHT BDPEMEHU DPACCTOSIHUE MEXKJy IJINTAMU PAaB-

HO Lo, & IIapuK Kacaercsl JOIOHSIIONEH ILIUTHI Lo

U MMEET CKOPOCTh 1, HAIPABJICHHYIO TIOJI YIJIOM ¢ /] 7

K CKOPOCTH 1 9TOH mauThl. I3BecTHO coOTHOIIEHNE Puc. 4

MeXKJIy CKOPOCTSIMU: Ug COS @ > U1 > ug > 0.

1. Haiigure Mo/y/ib niepeMenienust S, MIAPUKa K MOMEHTY, KOTJIa OH CJIeJIaeT
OYeHb MHOT'O COY/IaPEHUN C ITUTAMU.

2. Haiinure mMomynb mepemertenns S, Mapuka K MOMEHTY cpa3y IOCIe N-TO
COyJIapeHusi ¢ IJIUTOMN JJIsT JTI0O0T0 3aJAHHOTO 1.

3amada 2. Yacruma B 1oJie

B pesynbraTte B3anMoeiicTBUS TOIBKO C OJHOPOJHBIM MATHUTHBIM ITOJIEM HH-
AYKIUel B gacThia Maccoil m ¢ 3apsaioM ¢ JIETHT ¢ MOCTOSHHON IO MOYJIIO CKO-
POCTBIO U BJIOJIb TPACKTOPUU, UMEIOIIEH paJinyc KPUBU3HbI R.

1. Vkaxkure ycJioBue, Ipu KOTOPOM UCXO/IHBIE JIAHHBIE HEIPOTUBOPEYNBHI.

2. Onenure paccrosinue [, Ha KOTOPOe CMECTUTCS YaCTUIA 38 00JIbIIOe BpeMs t.

3. Haitiure kpurepuit IpUMEHUMOCTH UCIIOJIL30BAHHOTO TPUOINKEHUSI.

4. Ompemenure TOYHOE paccTosgnne L, Ha KOTOPOE CMECTUTCS JacTHUIA 3a PO-
U3BOJIBHOE BpeMd t.

3amadva 3. IlepecranoBKa CJIOB

Ilox KaKUM IIOJIOZKUTENBHBIM YIVIOM (¢ K TOPU30HTY HY?KHO OPOCUTH TeJIO, YTO-
OBI 3a BpEMsi €ro I0JIETa, /10 BO3BPAIICHNUS HA MCXOIHYIO BBICOTY CPeIHee 3HAUCHIE
MOJIYJ/Isl BEKTOPA TAHTEHITUAJIBHOTO YCKOPEHUS COBIIAJIO C MOYJIEM CPEIHEro 3Hade-
HUsI BEKTOPA HOPMAaJIbHOTO yckopeHus! CompoTuB/ieHne BO3IyXa HE yINThIBANTE.

Ilpumevanue. B sToit 3amade ne tpebyercss gaBaTbhb OTBET B ODINEM BHU/IE,
a HEeOOXO/IMMO U JIOCTATOYTHO MOy IUTH NCKOMOE 3HATEHHE C TOTHOCTBIO JI0 TECATHIX
JOJIeil yrJIoBoro rpaJjyca.
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3anaua 4. TpeyrosbHas 1jacTuHa
[Iractuna B bopMe IPABIIBHONO TPEYTOILHIKA CO CTOPOHOI /1/2 paBHOMEPHO
3apsKeHa ¢ MOBEPXHOCTHO IIOTHOCTBIO 0. Halinre nanpskénnocTs E 3y1eKTpu-
9eCKOro 1oJist B Touke O, PACIOJIO2KEHHOM HA OJMHAKOBOM PACCTOSHNN £ OT KaXKI0#
BEPIIMHBI IIJIACTUHDL.

3aga4va 5. KomHaTHas TepMoamHaAMHUKa

Banmaua A. B oxHe 3aKpBITOIl KOMHATEI Ta6auma 1

YCTAHOBJIEHO GPOHUPOBAHHOE CTEKJIO TOJIIIIH- T.°C | P.1la | T,°C | P, IIa
Hoit h; = 8 cM, umeroriee KO3(pOUIMEHT Ter- 0 611.0 0 611.0
sonposogHocT 31 = 0,3 Br/(M-K). Temmepa- T 657,3 ) 568,6
Typa Ha ysuie pasHa 17 = —20°C, a B KomHa- 9 705,8 9 528,3
Te mouepKuBaioT Temueparypy 1x = 20°C. 3 758, 4 _3 49076
CuuraiiTe, 9T0 OKOJIO OKHA 00pa3yercs mepe- 4 813, 4 4 455’2
XOJIHBIHM CJIOM BO3JIyXa TOJIMUHONW hy = 2 cM, 5 872: 5 _5 422:2
TeMIlepaTrypa KOTOPOTO MEHSIETCsl OT TeMIle- 6 935,1 6 3913
pPATYpPbl KOMHATBI JI0 TEMIIEPATYPbI BHYTDEH- 7 1002 _7 362,4
el cropoubl okuHa. Kakasi oTHOCHTE/IbHAS 8 1073 _g 3354
BJIAYKHOCTD (9 YCTAHOBUTCS B KOMHATE, €CJIN 9 1148 _9 310.3
M3HAYAJIBHO BO3JyX OBLI JIOCTATOYHO BJIAK- 10 1998 ~10 286,8
wbiit? KosddunmenT TerionpoBoJHOCTA BO3- 11 1313 11 2% 4’9
Jlyxa IpuMuTe pasHbM o = 0,025 Bt/ (M- K). 12 1402 19 244,6

3amada B. Haiiiure oTHOIIEHUE X CKO- 13 1498 _13 225:6
pocTeil ajieHnsi TEMIIEPATYPBI OT HAYAILHOTO 14 1598 14 | 2080
suadenusi 1' = 15°C cpa3y mocje OTKJIIOUeHUs 15 1706 _15 191:6
OTOILJIEHHS B 3aKPBITON KOMHATE C CYXUM BO3- 16 1818 —16 | 1764
JIYXOM U B TOYHO TAKOil YK€ KOMHATE C MAaKCHU- 17 1938 —17 | 162,2
MAJILHO BJIAYKHBIM BO3JLyXOM, €CJIU HE YIUThI- 18 2064 —18 | 1491
BaTh TEIJIOEMKOCTb CTEH U TPEJIMETOB B KOM- 19 9198 ~19 | 1370
nare. Armocdepnoe nasienne Py = 100 klla. 20 9338 —920 125:7

VaesnbHasi TemioTa mapooOpa3’0BaHUs BOJIbI
[IpY HU3KHUX TeMieparypax cocrasiser L = 2.5 MJx/kr.

ITpumeuanne. B 3ayauax A u B peub uiér o pasHbix KoMHaTax. JlapjeHue
HACBIIEHHOTO [1apa IIPU HEKOTOPBIX TeMIeparypax MpUBeIeHO B Tad. 1.
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BosmoxkHbIe pemeHmnAda

Muaangmast jgura

3amadva 1. [Ilapsr B 6eCKOHEYHOM OKeaHe
W3 onpenesienns mIOTHOCTH BBIPA3UM MACCHI IIIAPOB:

my =p1V, mo = p2 V.

1. ITapsr B3aMMOIEHCTBYIOT MEXKYy COOOM TOJHKO I'PABUTAIIMOHHO IO 3aKOHY
BCEMUPHOTO TATOTEHMUS:

_ ymame Yp1p2V?

B 12 e

2. MpIcjieHHO TOe/IMM BCIO KUJKOCTh Ha KMUJKHAN map maccoir mg = poV,
PACIIOJIOZKEHHBIIT CUMMETPUYIHO BTOPOMY IIapy OTHOCHUTEJIBHO IIEHTpa IIePBOIO,
U OCTAJIBHYIO KHUJIKOCTh. CyMMapHast CHJIa IPABUTAIIMOHHOIO B3aUMOIEHCTBHS TIep-
BOI'O IIapa MW OCTAJIbHOI >KUJIKOCTH paBHA HYJIO, TaK KaK OCTAJbHAdA KHUIKOCTH
CUMMETPUYHA OTHOCUTEJIBHO IIEHTPa IIePBOTO IIapa, TO €CTh JJId KazKJI0U 9aCTHUIIbI
OCTaJIbHOM KUJIKOCTH HAJIETCS JIpyras eé JacTulia, KoTopas JIeMCTBYeT Ha IIePBbIit
map ¢ MPOTUBOIIOIOXKHONW I'PABUTAIMOHHON cujioit. Bysem cumrarh HampaBieHue
OT IIeHTpa IIepBOI'0 Iapa K IEHTPY BTOPOI'O IIOJOXKUTEJIbHLIM, TOIJla YCKOpEeHUe
CBODOHOTO TIAJIEHNUsI, CO3/IaBaeMOe B ODJIACTH TIEPBOIO IIapa IPABUTAIIMOHHBIM I10-
JIeM BTOPOIr'O 1 KUJKOTO IIapoB, UMeeT B,

_yma ymo _ Y(p2 — po)V
D= T T 12

B cuy yerosua L2 > V 3T0 rpaBUTAIMORHOE [OJIE MOYKHO CIUTATh OTHOPOJHEIM,
TO €CTh OJINHAKOBBIM B JII00O# TOUYKe BOJIM3M MEPBOTO ITapa.

BekTopHasi CyMMa CHJI JIaBJIEHUs] JKIJIKOCTH (MJIM ra3a) Ha MOKOAIIEecst B Cpeie
TEJIO — 9TO OJIHO W3 OUPEJeeHuil Criibl ApXuMesia, KOTOPOE MOXKET MOCTABUTD
B TYIIUK Pa3Be 9TO HeTI00UTEe el 3aII0MITHATE CJIOBECHBIE OIIpe e/ IeHrs (PU3UIECKIX
MIOHSATHUH, TOITOMY UCKOMYIO CHLy Fh1 HaXOIUM depe3 BeC BHITECHEHHON YKUIKOCTH:

— V2
Iy = —mog1 = —7p0(p0L2 p2) .

TloBTopsisa Te Ke pacCyzKieHusl Jjis BTOPOro mapa (Wid OpocTo 3aMEHsd UH-
JIEKCBI ), [0JIydaeM yCKOpeHue CBOOOIHOIO MaJ[eHusl B 00JIACTH BTOPOI'O IIapa

_aymi ymo _ Y(p1 — po)V
9277 T2 T 12
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U OTBET Ha BTOPOH BOIIPOC 3TOrO IIyHKTA:

2
Foo — —m, _ Ypo(po — p1)V
22 = 092 = - 12z
3. YToObl yaepKuUBaTh MEPBBIi AP B MOKOE, HY?KHO MPUKJIAIBIBATL K HEMY
CIWIy, PABHYIO II0 BeJIMYUHE U HAIIPABACHHYIO IIPOTUBOIIOJIOXKHO CyMMe CHJI, Jei-
CTBYIOIIMX Ha HEro CO CTOPOHBI 2KUJAKOCTH U BTOPOTO IIapa:

v(p1 = po)(p2 — po)V?
L2 ’

TToBTOpsis Te ¥Ke paccy KJeHusl Jisl BTOPOTO Mapa (UM MPOCTO 3aMEHsIsl MHIEKCHI ),
IIoJIy4aeM OTBeT Ha BTOPO BOIIPOC 9TOI'O IIYHKTA:

F31 = —(mig1 + Fo1) = —

Y(p1 = po)(p2 = po)V?
L? '

ITpumeuanme. 3amernm, UYTO HANWIEHHBIE CHUJIbI OKA3AJUCh OJUHAKOBBIMU
(TOJIBKO 110 MOJIYJIIO, TAK KAK IIOJIOKUTEIbHbIE HAIIPABJICHUs JJisi HUX OBLIM Bb-
Opadbl B pa3Hble CTOPOHBI). DTO COBHAJECHUE MOXKHO ObLIO IPEIBUIETH 3apaHee,
MBICJIEHHO COEJIMHUB Iapbl TOHKUM JIEPKUM CTEDPYKHEM: OH JefiCTBOBaJ OBl HA HUX
C OJIMHAKOBBIMU 110 MOJLYJIIO CHJIAMH, a IIapbl OCTABAJIUCH ObI B IIOKOE.

ITpumeuanume. OcobOro BHUMAHUS 3aC/Iy?KUBAET CIIOCOO HAXOXKICHUS Cul Fi3q
u F35 myTéM BeIMUTAHUS INIOTHOCTH P U3 BCETO IIPOCTPAHCTBA, [TOCJIE YeT0 Ha, MECTe
JKHUJIKOCTH OCTASTCs [yCTOTA, & IVIOTHOCTH MApOB CTAHOBATCA (p1 — po) U (p2 — po)
coorBercTBeHHO. CHla TPABUTAIIMOHHOTO B3aMMOJIEHCTBUSI HOBBIX IAPOB C HYXK-
HBIM 3HAKOM OKarKeTCsl OTBETOM Ha 00a BOIIPOCa ITOro IyHKTa. Takyio cuity erré
Ha3bIBAIOT 3P HEKTUBHON CUION B3AUMO/IEHICTBUSI, & BCTPEIATHLCS Ha MPAKTUKE OHA
MOXKET, HAIIPUMED, IIPU PACIETEe B3aUMOIEHCTBUS JIEKTPOHOB B KPUCTAJIINIECKOHN
peInéTKe: OHU HE MPOCTO OTTAJKHBAIOTCH MO 3aKOoHy KysoHa, a KarKIplil U3 HUX
BBI3bIBAET CMEIEHUS IPYTUX 3aPsI0B, OIIOCPEIOBAHHO U3MEHSS PEIYIbTUPYIOILYIO
CHJIy Ha BTOPOIl 3JIEKTPOH, IOITOMY O0OIllee M3MEHEHUEe DPe3YJIbTUPYIOIIEeH CHIIBI,
JeficTByIOeil Ha OJiHY YacCTHUILly, BBISBAHHOE IIOABJICHUEM BTOPOIl YacCTUIIbl, U Ha-
3b1BaloT 3 dekTuBHOM cuioit B3ammoeiicteus. He ciemyer mytars 3bdOeKTUBHY IO
cuity B3auMogieiicTBus (yUuThIBAIONLYIO BIIUSHUE CPEIbl) U OOBIYHYIO CHJLY B3aUMO-
JeiiCTBUsI, KOTOPYIO MbI HAILJIU B 9TOI 3aJade B IIEPBOM ITyHKTE.

4. BageM B yCJIOBUU JIAHO YCKOPEHHE BTOPOrO IMapa, €CJU Mbl U TaK 3HAEM
MACCHI apoB U Bce CUIbl! Jle0 B CyIecTBOBAaHUHN TaK HA3BIBAEMOI TPUCOETMHEH-
HO# MACChI KHUJIKOCTH, TO €CTh MAaCChl KUJIKOCTH, KOTOPas IPUXOJUT B JIBUYKCHIE
BMECTE C TEJIOM, TaK KaK Cpela JIOJIZKHA PACCTYIUTHCH TePeJ] TeJIOM U 3aIl0JTHUTD
[IPOCTPAHCTBO MO3aau Hero. [IpucoequHEHHAST MAcCa KUIKOCTU 3aBUCUT TOJIBKO
oT OPMBI U Pa3MEPOB JABUKYIIETOCH TeJIa U IJIOTHOCTHU KHUJIKOCTH, IIO9TOMY OHA
Oy/ieT OAMHAKOBOM JJ1st 000uX mapoB. C yaéToM IpUCcoeIMHEHHON MACCHI [t KUTKO-
CTU U HAWJEHHON B IIPEAbLAYIIEM IIyHKTE Pe3YJIbTUPYIONIEH CUJIb

F3p = — (mags + Foy) = —

7(P1 - po)(ﬂ2 - po)V2
L2

Fy =
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3aKOHBI JIBUKEHUS 1apOB Cpa3y IOCJe UX OTIYCKAHUS HPUMYT BHJIL
F3 = (m1+p)ar,  Fz = (ma+ p)az,
OTKYy/Ia II0CJIe UCKJIIOUEeHHUs [ HAXOAUM yCKOpeHHe IIepBOro Iapa;

Fsas

“ F3 + (m1 — m2)a2 '

ITpumeuanne. [IpoBepum mosmyaenHyo HOPMyILy B YaCTHBIX Cirydasx. Kcn
nrapbl OJIMHAKOBBIE (1M1 = Ma), TO HOPMyJIa JAET BIOJHE OXKHUIAEMOE PABEHCTBO
a1 = ao. Ecan ObI >KuaKOCTH HE OBLIO, TO it W30BITOYHBIX JAHHBIX JIOJIZKHO OBLIO
OBbI BBINOJTHATHCSA yCjIoBUEe F3 = maas, MOCTE TMOJACTAHOBKUA KOTOPOTO (hopMmysia
YIPOIIAETCsI JI0 TOXKE BIIOJIHE OKUIAAEMOT0 Buia ay; = F3/my.

Ipumepran cucmema OUECHUBAHUA

OTBET IJI 1
OTBETBI JUIA Fo1 T oo o oo e e e e e e e e 3
OTBETBI JUIA F31 T B30 o oo oo e e e e e 3
OTBET JITISL (1]« + v e e oot e e et e e e e e e e e e e et e e e e e e e e et e e e 3

3aga4da 2. PactBopsl Iimioka
1. TlnorHOCTE pasbasiaeHHOrO pacTBopa (T < 1) MOXKHO CIMTATH PABHON ILIOT-
HOCTH YHCTON BOJBI, TIO9TOMY MCKOMAasi PA3HOCTH JIABJICHUN MMeeT BT

RT
AP =~ pogAh = P27

2. N3 ypasuenus Meneneesa—Knareiipona BbIpa3uM IMJIOTHOCTD HACHIITIEHHOTO
napa HaJl YUCTOI BOJIOM:
_uPy
Pn="RT"
VMeHbIlleHne JIaBJIeHnsl HACBIIEHHOTO Tapa HaJl PACTBOPOM MOXKHO PACCUUTATD
1o (popMyJsie ruIPOCTATUIECKOTO JIaBICHUS CTOJI0a, Imapa:
APn:pngAh:M—Pn'g'ﬂ:an' (1)
RT Ky
3. Temmeparypa KAIIEHUS — 3TO TEMIIEPATYPa, IIPU KOTOPOii TaB/IeHIe HACBIIIEH-
HOTO TIapa PABHO BHEIIHEMY JaBJIEHUIO. JlaBieHue HACBIIEHHOIO apa Hall PACTBO-
POM MeHbIIe, YeM HaJl 9UCTOH BOJION, HO PacTéT ¢ pocToM Temueparypbl. CregoBa-
TEJILHO, HY?KHO HaliTn Takyio npubasky AT) K TemuepaTrype, KOTOpas KOMIIEHCH-
pyer 3dekT OT paccMOTpeHHst PACTBOPa (& HE YUCTON BOJIBI).
VBenuueHue JaBIeHUs] HACHIIEHHBIX 11APOB Ha BbicoTe z < ( (HumKe ypOBHsI
MODsi) PABHO J00aBOYHOMY JIABJIECHHIO CTOJIOA BO3/LyXa BBICOTON (—2):

AT,
AP, = —pgz = png7 (2)
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rJle BeJIMYNHA 2 BBIDAYKeHA U3 JAHHOW B ycjosuu 3asucumoctn T (z). [lpupasan-
Bast bopmynet (1) u (2) amst AP, W yIuThIBasi, UTO IIPH TEMIIEPATYPE KUIIECHUST
BBINOJIHSIETCs paBeHCTBO P, = Py, HaX0 MM UCKOMOe Pa3Jiduue TeMIepaTyp:

Py
IIpumepras cucmema oueHuBaHUA
OTBET IJIA AP e 2
II7TOTHOCTD HACBITIIEHHOTO TIADA . « « + + vt vt e e ettt e e ettt ettt e e e e 1
OTBET JJI AP, o 2
PapenctBo P,, = Py IpU TEMIIEPATYPE KUITCHMS « « « v v vvvvvvvteteeeeeeaeaaeaann. 1
Wnest paBerctBa AP, 0T IBYX 3M@MEKTOB . . oottt vttt et it i eaie e 1
Boipaxkerue AP, 9epe3 ATk . ..o 1
OTBET JTIA AT G v et ettt e e e e e e e e 2

3amaua 3. Bycunka Ha BUHTOBOM JIUHUUI
PaccmorpuM BepTHKaIBHYIO IIJIOCKOCTH (v, KOTO-

pasd KacaeTCd ONMCAHHOI'O BOKDYI BHUHTOBOH JIMHUHU

[IWJINHIPA B TOYKE, B KOTOPOW PACIIOJIOXKeHa OyCHH-
Ka B HEKOTOPbI MoMenT Bpemenu (puc. 5). Ha Gycun- y m
Ky MacCOi m, ABUZKYIIYIOCA IO ITPOBOJIOKE C IIOCTOSH- %//%
HOH IO MOJYJIIO CKOPOCTBIO U, JEUCTBYIOT TPU HOCTO- ///7/ _____
AHHBIE 110 BeJINYUHE CUJBL CHJIa TAXKeCTU Mg U CUJIa /
Tperus F', KOTOpBIe JiezKaT B IJIOCKOCTH (v, U CHJIA mg
HOPMAaJILHOHM peakiuu ornopbl [N, KoTopas He JIEXKHT, Puc. 5
a IMOTOMY Ha puC. 5 n300pazxKeHa He OHA caMa, a €€ MpoeKIus 1V, | Ha IJIOCKOCTD (.
TTockosibKy OycuHKA MMeeT TOJIBKO IEHTPOCTPEMUTEIBHOE YCKOPEHUE, KOTOPOe
[EePIEHUKYJISPHO IJIOCKOCTU (v U CO3JAETCs IEPIEHINKYISIPHOI IIJIOCKOCTH (¢ CO-

crasiigonieii N| HOpMaJbHOI PEaKIUU OIOPHI, B INIOCKOCTU (v MOYKHO 3aIlMCATh
YCJIOBUS PABEHCTBa CUJI Ha HalIpaBJICHUE CKOPOCTH U IEPIEHJUKYIAPHOE eMy:

F =mgsing, N| = mgcos o, (3)

rjie yroJ (¢ HaKJOHA TPACKTOPUU K TOPU30HTY MOXKHO HAHTH U3 T€OMETPUYECKUX
pa3sMepoB BUHTOBOU JIMHUU:

H
tgp = R (4)

B cucreme orcuéra, nBuxkymeiics BHI3 CO CKOPOCTBIO U Sin ¢, OyCHHKA [IBUYKETCS
CO CKOPOCTBIO ¥ COS (¢ 10 OKPYKHOCTHU pajmycoM R, 4TO 103BOJIsgeT HailTu CHUILY,
CO3JIAIONIYIO IIEHTPOCTPEMUTEIBHOE YCKOPEHHE:

(vcosp)?

NL:m R

(5)
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[Tocse 3anucn GOPMyYIIB JIJIsl CHIIBI TPEHUST CKOJIbIKEHUS
F =uN (6)
u reopemsl [Tudaropa ays HOpMAIBHO PEAKIUH OIOPBI

N =/Nj+N? (7)

dbusnueckast 9acTh 3a/a9M 3aKOHIWIACH, & OCTAETCsl COSMHATH BCE YDABHEHHUsI
B CHCTEMY M PEIIUTH €8 OTHOCUTENIHHO V.
Bosseném ypasrenue (6) B KBajapar u nojgcrasuM seipazkerus (7), (3) u (5):

2 .2 2
(mgsing)® = p® ( (mgcos )? + (W) :
cokparuM Ha m2g? cos? ¢ JyIs YHPOINEeHMsI:
4 2
2 o v* cos®
tg” o = p (1+792R2 )

HCTIOJIb3yeM TPUTOHOMeTpIIecKoe ToxkK1ecTBo 1/ cos? o = 1 + tg?

t 2
vt =g* R (1+tg% ) < gﬂf - 1) ,
nozcrauM dhopMmyity (4) U oJIyduM OKOHYATEJbHBINH OTBET:

H? H?
v=1+/gR- </(1+4772R2) (471'2R2u2 —1).

Samerum, aro npu yciaosun H < 27 Ry 0JIKOPEHHOE BbIPAyKeHNe OTPUIATEI b=
HO, 9TO HePU3UUHO U CBHUIETEIbCTBYET O HAPYIIEHUN IpeosoxKenus (6) o Tom,

49T0 Ha OyCHHKY Oy/er IeficTBOBATH CUJIa TPEHUsI HMEHHO CKOJIbXKEHUS, & HE TIOKOSI.
3HAYUT, OTBET HYKHO IOMOJHUTD emié oguum caydaem: v = 0 mpu H < 2w Rpu.
IHpumepras cucmema OUEeHUBAHUSA

DOPMYTIA JTIFE T (0« o e ettt et e e et e e e e e 1
BoIparkeHme JIIT F .o oo 1
BBIPasKeHUE JUIA IN|| oottt 1
Borparkenume HJId IN | ..o 2
CBsasb MEKILY F' T N .o 1
Teopema [Tudaropa futst N ... e 1
OKOHYATEIBHBIA OTBET .« .+« + et e ettt et et et e et et ettt e 2
VeaoBue, KOTTa OYCHHKA TIOKOTITCST « « « v v vvv et vttt ee e ee et e et e e eaee e 1
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3amaya 4. I[loouepémuoe 3a3emiieHne
IIycrs o m Qo — Hava IbHBIE 3apsiJibl HA BHYTPEHHE 1 BHEIHE 00KJIaIKaX Co-
OTBETCTBEHHO, TOTJIA U3 yCJIOBUS JIEKTPOHEUTPAIBHOCTH KOHIEHCATOPA ¢o = —Qg.
Bripaszum nampskenme MexKIy 0OKIaIKaMu KaK Pa3HOCTh WX MTOTEHITHAJIOB:

k k k k
Up = e — g — (ﬁ + ﬂ) _ (& + ﬂ) -

R R R T
1 1 1 1
—kQO<§_;) _kQO<;_E)7
OTKYIA
Rr
=— U 8
@o kR—r) ° ®

ITpumeuanne. [loxyaennoe BbpazkeHne MOXKHO OBLIO OBI 3amICaTh Cpazy, BOC-
[TOJTB30BABIIUCH (DOPMYJION EMKOCTU CHEPUIECKOr0 KOHIEHCATOPA!

Rr

C:m.

IIpu 3a3eMiteHIE TIPOBOJIHUKA €0 TOTEHITUAJ CTAHOBUTCS PABHBIM IIOTEHIHAITY
GECKOHETHO YJIAJIEHHOTO TeJia, KOTOPbIil B coorBeTcTBun ¢ hopmynoit ¢(z) = kq/x
pasen nyJio. CireJoBaTeIbHO, 3apsi)i OOKJIAIKN MTOCIE KAXKIOTO 3a3€MJIICHUsT MOYKHO
HafTU U3 yCJIOBUS PABEHCTBA HYJIIO €€ MOTEHITHAJIA!

kQo |k
o1 = % +EE=0, omym = _}%Qo;
KQr |k
P = % * % =0, orkyma Qi=-q = %QO'

Pacuér 3apaa0B mocite BTopoil mapbl 3a3eMJIEHAI ITOJTHOCTHIO aHAJIOTHIEH:

kQ1 | kqo
BHYTD — — O
® R + — )

2 r

r 7\ 2
OTKyJa (2 = _EQI =- (}_%) Qo;

k k 2
B — % + % =0, OTKY/1a Qo= —q = (}%) Qo-

O060611asT PE3yJIbTATHI [IJIs 1 TTap 3a36MJICHUI W TIOJICTABIIsIA BhIpaykeHue st Qo
u3 dbopmyisl (8), OKOHIATEIBHO TTOJLYIHM

w7ty - F)

OTMmeTnM, 9TO B yCJIOBUH HE CKa3aHO, KaKas U3 OOKJIAJI0K ObLIa M3HAYAJIBHO 3apsi-
JKEHa ITOJIOYKUTEJIbHO, & KaKas — OTPUIATEJ]bHO. B pereHun Mbl [IPEeIIOI0XKIIIN,
aro Qo > 0, a qo < 0. Eciin 2ke 970 He Tak, TO BCe OTBETHI [IOMEHSIIOT 3HAKH.
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IIpumepraa cucmema OUEHUBAHUA

Broipazxerne Qo 1 qo G€PE3 UG .o v v eei i 2
Wcrnonb3oBanme yCJIoBUS @ = Qoo = 0 TP BABEMIIEHUI « . .« o vv ot veeaeaeen o 1
HAXOMKICHIE 1+« o oottt e e e e 1
HAaXOMKIEHIE Q1 - - .o oottt ettt et e e e e e 1
OOIIIHIA OTBET JITIST (ry « + o o+ v v e e ettt e e et et e et e et e e et e e e et e e 2
OOIIHI OTBET JTIST (1« + v v v v e et ettt et e e e et e e ettt ettt e 2
KoMMeHTAPHIT 0 BHAKAX BAPIIOB « « « « +vvv vt ettt ee ettt e e e e e e e 1

3aga4da 5. DieKTpoMaruuTHasi ¢poJsbra
Ecmm k kireMmMam HUYEro He MOJIKJIIOYEHO, TO TOKA B IEIM HET U MOJIOCKU IIPU-
TATUBAIOTCS 38 CUET JIEKTPOCTATHIECKON CHIIBI, MIPSIMO IIPOIIOPIIMOHATBLHON UX 3a-
psiiaM, KOTOPbIE CaMU IPOIOPIIHOHAIBHBI IPUJIOXKEHHOMY HAIPSI?)KEHUIO, TAK KaK
[TOJIOCKU MOT'YT PACCMaTPUBATBHCS KaK OOKIaIku KoHIaeHcaropa. [lycts & — D/1C
UCTOYHUKA, & 4 — HEKOTOPBIN KO3 MUIMEHT, TOTIa MOYKHO 3aIllUCATh yPDABHEHUE

Fl zaéﬁ. (9)

Ecnm keMMbl 3aMKHY THI HAKOPOTKO, TO 3aPsi/Ibl HE HAKAIIJTUBAIOTCS U TIOJIOCKH
OTTAJIKUBAIOTCS 33 CYET MATHUTHON CHJIBI, TPSIMO MPOIOPIIMOHAIBLHON TEKYIINM
10 HUM TOKaM, KOTOPbIE Opeiesiorcst 3akoHoM Oma. Takmm 06paszom, HCHoJb3yst
HEKOTOPBIN KoaddurmeHT b, MOKHO 3aIncaTh ypaBHEHNE

Fr=b <€) . (10)

r

Ecmm x xaemMmaM MOAKIIIOYEH PE3UCTOP, TO HAOJIIOMAIOTCH W JIEKTPOCTATHIE-
cKoe, U MarauTHoe B3ammogeiricTus. Corsacuo 3akony Oma cuia Toka | B 1ienu
u Hanpsizkeane U MeK/y ITOJIOCKaMH UMEIOT COOTBETCTBEHHO BHUJL

& R&
= —— U=RI=——. 11
r+R’ r+ R (11)

Wcnonb3ys e ke kK03hOUIUEHTH @ 1 b U cIuTasi CUIY MPUTIKEHUS TTOJIOXKI-
TeJIbHOI, MOXKHO 3allicaTh ypaBHEHHUe

F3 = aU? — bI?,

OTKyJla TOCJIe TOJCTAaHOBKU BbipakeHnuii st U u [ usz dbopmyn (11) u 3naveHnit
k03 durmenTos a u b u3 ypasuenuit (9) u (10) HAXOIUM UCKOMYIO CHJLY:

B [ RE N\ For? &\’ RPF R
& \r+R & \r+R)  (R+r)?

Fy = (12)
IIpumeuanune. [Toe3H0 B3ATH 3a MPABUIIO TPOBEPATDH HA YACTHBIE CJIyIanl KarK-

Jbiit o6muit oreet. B mannoM cayvae B dbopmyiy (12) MoxkHO mogcTaButh R — 00

n R =0 u moJiy9uThb COOTBETCTBEHHO F) U — Fb, 9TO COOTBETCTBYET OXKHUIAHUSIM.
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YT100BI OTBETUTH HA BTOPOIT BOIIPOC 3aJla4M, IIPUPABHSIEM BBIparKeHue st Fi
K HYJIIO, OTKy/a HaifJIéM MCKOMOE COINPOTHUBJIEHUE, IIPU KOTOPOM 3JIEKTPUUECKOE
U MAPHUTHOE B3aMMOJEHCTBUS KOMIIEHCUPYIOTCS:

R=r &
F
IIpumepras cucmema OUeHUBAHUA
IMoryuenne TPOHOPIUOHATLHOCTHE Fy = a2 ... .. . e, 2
[osyuenne TponopuoOHATLHOCTH Fy = al? ... ... .. . . . . . . i 2
TIpumenerre 3aKOHA OMa . ..o o .\ttt ettt ettt e 1
VHET HATIPABIIEHIII CHIL « .« e etve ettt eet e e et e et et e et e et e e e e 1
OTBET JTTT F5 oot e e e e e e 2
OTBET IJIL R oo e e e e e 2
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Crapuiag jura

3aga4va 1. HeonpeaenuBmiuiics mapuk
1. ITockombKy npu coymapeHHUsX IMapukKa C IUIMTAMUA TPEHUs HeT, COCTABJISIO-
[asl CKOPOCTH IAaPUKA, MEPIEHIUKY/ISPHAS HAIIPABJIEHUIO JBUKEHUS ILJIAT, Oy/1eT
0CTaBaTbHCA IOCTOSAHHOM:
v = ugsin .

Ilo mepe cOmmKeHUst AT COyIAPEHNs MAPUKa OYIyT ITPOUCXOIUTD BCE JaIlle U UX
KOJIMYECTBO Oy/IeT HEOTPAHUYEHHO PACTU, HOITOMY BEJIUIUHY Soo MOXKHO HANUTH,
PacCMOTPEB CUTYAIINIO, KOT/Ia PACCTOSHIE MEXKTy IJINTAMH CTAHET IIPEHeOPEKIMO
MaJIo, TO €CTb IIJIUTHI IIOYTU CTOJIKHYTCH, U3 Yero HaXOJUM CMEIIEHHUE T, JOIOHS-
IO IJINTBI K MOMEHTY loo UX BCTPEYU:

Lo Louy

oo = ——— Too = Ultoo =

u —ug’ Uy —ug

CwMerenne mapuKka B MOTIEPEIHOM HAIIPABICHAN UMEET BT
Loug sin ¢

Yoo = Vil =
Uy — U2

OTBer Ha mEPBBIN BOIPOC mosrydaeM 1o Teopeme [udaropa:

Lo
. 9
Seo = V12 +1y2 = u? + ud sin® .
Uy — U2

2. /I ynpornerus pacuéToB nepeiiiéM B CUCTEMY OTCUETA, IBUKYIILYIOCS B Ha-
[PABJIEHNN JBUKEHUS IUTUT CO CKOPOCTBIO U, = (u1+u2)/2 1 GyjieM paccMaTpuBaTh
[I0Ka TOJIBKO IIPOJIOJIbHOE JIBUKEHHE IIapuKa. B HOBOIl cucreMe OTCYETa IJIUTHI
COMMKATOTCST ¢ OMMHAKOBBIMU 110 MOJIYJII0 CKOpOCTAME 4 = (u1 — ug)/2, a mapuk
nMeeT Ha4YaJIbHYIO CKOPOCTb Vg = g COS @ — Ve.

IIycTb v, — MOJYJIb CKOPOCTH IMApUKa Cpa3y IOCTe N-TO COyJIapeHus, TOTIa
U3 yCJIOBHUS YHPYrocTd yaapa (MOJYJb CKOPOCTH HIAPDUKA OTHOCUTEIHHO ILIMTHI
He U3MEHsIETCs B pe3y/ibTaTe yaapa) MOXKHO 3allUcaTh PEKYyPPEHTHOE COOTHOIICHIE

Up = Up—1 + 2u,
13 KOTOPOTO cireayeT obrmast hopmyia
Vp = Vg + 2un.

IIycrs L,, — paccrosinue MexKy IINTaMU CPa3y IOCJE N-T0 COYIapeHus, T, —
JJIATEJIbHOCTD JBUKEHUS IaPUKa CO CKOPOCTBIO Uy, TO €CTh IIPOMEKYTOK BpeMeH!
MEXK/Iy COYAapEHusIMu ¢ HoMepamu 1 u 1+ 1, Torga n3 hopMyst [Ajis paABHOMEPHOTO
JBUKEHUS MOXKHO 3allMCATh CJEIYIONIe yPaBHEHNA:

L, L,
Un +u v+ 2un+u’

(13)

Tn =
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2ul, 1 v + 2un — 3u
Ln=Lp1—2utn1=Ly 1 ————— =L, 1 ————.
vy + 2un —u vo + 2un —u
IIpumennm mocseaHIo0 HOPMYILY, OCIEI0BATEIbHO BhipaKas L, depe3 L, _1,
norom Ly, 1 uepe3 L,_o u Tak gamnee no L1 = Lo(vg — u)/(vo + u):

o+ 2un —3u v+ 2un — Su vo+u vg—u I
w4 2un—u vo+2un—3u T vo+3u vy+u 0
OTKYJa IMOCJe COKPAIEHUs IMOJIyIaeM OOIyIo (hOpMyIy
—u)L
L= o - Wlo (14)

vy + 2un —u

ITpumeuanue. Beerga mosie3Ho mpoBepsiTh HETPUBHAJIbHBIE 00OIHE (DOPMYJIBI
(mazke mpomexkyTounble) Ha dacTHble ciaydau. [Ipu n = 0 dopmyna (14) naér Bep-
Hoe Toxaectso Lo = Lo. Ipu vy = u dopmyna (14) naér Ly = 0, 4ro BroJHe 02KU-
JlaeMo, TaK KaK B 9TOM CJIydae IapuK JIBUKETCS BMECTE C JOTOHSIONIEH IIJINTOM
U TIepBOE JKe ero Coyapenue ¢ JAPyroi IInTol OyIeT OJHOBPEMEHHO U COYIapeHIeM
wint. [Ipu vy >> 2un dopmyna (14) naér L, = Lo, 9T0 BIOJIHE 0KHUIAEMO, TAK KAK
B 9TOM CJIy4ae IJIUTHI MOYTH He YCIEIOT CABUHYTHLCS 38 BPEMs BCEX N COYIapeHui
mapuka.

Toncrasus Boipaxkenue (14) B paserncreo (13), momyaaem oburyto dbopmyiry

('UO — U)LO
(vo + 2un — u)(vy + 2un + u)’

Tn =

KOTOpYIO IepernuiiieM B OoJjiee yI00HOM JIJIsi CYMMUPOBAHUS BHJIE:

(Uo — u)Lo 1 1
Tn = - P
2u vo+2un—u vy +2un—+u

9TOOBI HAWTU MOMEHT BPEMEHHU N-I'0 COYIapPEHUs:

vo — u)L 1 1
tn:T0+Tl+...+Tn_1:(0 )0<( — >+

2u vo—u vy +u

1 1 1 1
+(v0+u_vo+3u>+m+(v0+2un—3u_vo+2un—u)> N

_ (w0 —u)Lo ( 1 1 ) _ nLo (15)

2u vo—u vy +2un —u vy + 2un —u’

ITpumeuanne. [IpuBbraabiM yke 00pa30M MIPOBEPSEM HETPUBUAIBHYIO OOIILYIO
dopmyiy ma wacrubie ciaydau. [pu n = 0 dopmyna (15) maér top = 0, aro BHOJIHE
OXKMIAEMO, TaK KaK M3HAYAIbHOE KACAHUE MMAPUKA U ILUINTHI MOXKHO CUUTATH HY-
JeBbIM coyzapenueM. Ilpu n — oo dopmyna (15) maér to = Lo/(2u), uro cobna-
JIAeT ¢ PE3yJIbTATOM M3 MEepBOro myHKTa 3amaun. [Ipu u = 0 dbopmyna (15) maér
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t, = nLgy/vg, 9TO BIOJIHE OXKUIAEMO, TAK KAK IPU HEIIOIBUKHBIX [LIUTAX [IAPUK
IIPOXO/INT MEXKJIYy COYAAPEHUSAMU OJUH U TOT Ke IyTh L.

Bepnémcst B ucxoanyio cucremy orcuéra. Cpasy 1mocje 4ETHOIO COyJIapeHUs a-
PUK HAXOJIUTCS OKOJIO JIOTOHSIONIEH IJIUTHI, UMEIOMEel B 9TOT MOMEHT CMeEIeHUe
U1t,, & CPa3y MOCJIe HEIETHOTO — OKOJIO APYTOU IIJIUTHI, OTCTOAIEel Ha L, Jaabine
norousitorneii. C UCIoIb30BaHNEM OIEPAIUU OCTATKA OT JEJICHUsS CMEIIeHUe Iapu-
K& BJIOJIb HAIIPABJIEHUS JIBUYKEHUS IIJIUT 3aIIUCHIBAETCS OJIHOM (POpMyJIOii:

ulnLO ('UO — U)LO

Xy = Uttty + Ly - (nmod 2) = -(nmod?2) =

vo+2un—u vy +2un —u

un + (ug cos p — uy)(n mod 2)

=L
0 ugcos —uy + (ug — uz)n

CMeHleHI/Ie nIapukKa B IIOIIEPEIHOM HaIIpABJICHUN UMEET BUIL

Lonug sin ¢

=v,t, = .
Yn Lin U cosp — ug + (ug — uz)n

OTBer Ha BTOPOIl BOIPOC moJiy4daeMm 110 Teopeme Iludaropa:

Lo \/(uln + (ug cos ¢ — uy)(nmod 2))2 + n2ud sin? ¢

S'n«: V'rgl_'—yn:

ugcosp —uy + (ug — uz)n

IIpumepras cucmema oueHuBaHUA

OTBET IS S0 v v v e ettt e e et e e e e et e e e e e e e e e e 2
OOIIAST DOPMYIIA JITISE Upy « « + v v e vt et ettt et et e e e et e e e 1
O0Imast GOPMYTIA JTIT Ly v v v vttt e e e e e e e e e 2
OOIIAST DOPMYIIA TITISL Thy « + « « v v o v e et e ee et e et e e et e e e e e et e e 2
OO0IIAST POPMYIIA JTISE Ly « v v v e ve et e e e et et et et e et ettt et e 2
OTBET IS Sy« oottt ettt e e et e e e et e e e e e 1

3amadva 2. YacTumna B 1oJie
Sapsi?KeHHasl YaCTUIA JBUXKETCsI B OJHOPOJHOM MArHUTHOM II0JI€ 110 BUHTOBOM
JINHUU B PE3yJIbTATE CJIOXKEHUS ABYX MBUYKEHUN: JIBUKEHUS BIOJD MOJIST C TTOCTOSIH-
HOI CKOPOCTBIO V|| U JBUKEHHs B NEPHEHUKYJIAPHON OO IJIOCKOCTH TI0 OKPY K-
HOCTHU PaJUyCOM I C IOCTOSTHHOI CKOPOCTDBIO V| .
1. Yacruma gsumxkercs mnoj aeficrBueMm cuibl Jlopenna F' = qu) B, moatomy
3 BTOporo 3akoHa HeioroHa F = ma BbIpa3uM yCKOPEHHE ¢ YaCTHUIIbL:

qu, B

: (16)
m

IIoncraBus nosydennoe Bbiparkenue B OPMYILY IEHTPOCTPEMUTEIBHOIO YCKOPEHM S

a = v? /R, TOIyYUM COCTABJIAIONLYI0 CKOPOCTH YACTHITHI TIOTIEPEK OIS

mv2

- gBR’

V] (17)
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ITo Teopeme Iudaropa v? = vﬁ + v? HAXOMM COCTABJIAIONLYIO CKOPOCTH YaCTHUITbI
BJIIOJIb TTOJISE:

m2v?

"~ ¢®B2R?’

’UHZU 1

Wcxomable mannble HEMPOTUBOPEUMBLI, €CJU MOJKOPEHHOE BBIpayKeHUE HEOTPHIIa-
TeJBbHO, TO €CTb Iipu ycaoBun mv < ¢BR.

2. JIpuzkeHne Mo OKPYKHOCTU OIPAHMYEHO, TIOSTOMY €ro BKJIAJIOM B obIiee Ie-
peMerrerne uepe3 H60JIbIII0e BpeMs MOKHO IIpeHeOpedhb 110 CPABHEHUIO C II€pEMeIIe-
HUEM BJIOJIb 110JIdd, OTKY/a CJIe/yeT OIeHKAa JIJIs NCKOMOT'O CMEIEeHUs:

m2v?

(18)

3. B mmepnuabHoii cucreme 0TCuéTa, ABHAKYMEcs O CKOPOCTHIO V|| BIOJIb MO~
JIsl, JACTHIA JABUXKETCS 110 OKPYZKHOCTU PAJIyCOM 7' C IIOCTOSIHHON CKOPOCTBIO U |
U TEM K€ YCKOPEHHEM @, LOITOMY U3 (HOPMYJIbI HEHTPOCTPEMUTEILHOIO YCKOPEHHSI

2 N
a = v{ /r nocie noncTanoBKu Boipakenuit (16) u (17) maxomum pagmyc OKpY2KHO-

cTn: ) .
p=l L Y (19)
a qB ¢®*B2R

Wcnonb3oBanuoe npu noncke | npubIMKeHWe KOPPEKTHO, Korma | > 7, OTKyJa

nocJie moicTaHoBKY Bhipaxkenuit (18) u (19) HaxomuM KpuTepuil IPUMEHNMOCTH:

—1/2
m2v ’I”I’L2’U2 /

> — (11— ——
> ¢?B2R ?B2R?

IIpumevanue. YUpomEHHbINT KPUTEPUil «BpeMs MHOTO OOJIbITEe Tepruoa obpa-
[IEHUsT», TPUBOJIAININN K COOTHOIIEHUIO qBt > 2mm, HemocTaroveH sl ONEHKN
[IPUMEHUMOCTH HUCIIOJIF30BAHHOTO MTPUOJINKEHNS, TAK KaK HE YIUTHIBAET COOTHO-
[eHre CKOPOCTEIl: 9acTuIla MOXKET JI0JI0 OOPAIAThCs, HO U3-3a MAJIO COCTaBJIs-
Iommelt v MOYTH He CMeCTUTHCA B UTOTe.

4. JInst HaxoxkaeHusi L Hy»KHO y4ecTh I[TOIIepevHOe CMEIeHne JacTUIlbl. 3a Bpe-
Mg ¢ OH& CMECTUTCS BIOJIb OKPYKHOCTH Ha yroJ ¢ = v t/r. Xopua, craruBaomas
9Ty YTy, UMEET JJIUHY

ZLZQT

2m2v? B
sin 2| = 200 sm<q_t)
2 q m

IIo Teopeme Iudaropa maxomum oOIIEE CMEIIEHEE:

2492 44
B 5 m2v dmtt , (¢B
L—vl“lr\/ Bbey-oy -l Ky Ty R G
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IIpumepras cucmema OUeHUBAHUA
[Tonnmanue xapakTepa JIBUMKEHUS TACTHIIBI . « o oo vt e s e eee e e e e et e e e 1
BBIPAKEHUE JITIST @ . v e ettt ettt e 1
BBIPAKEHUE JITIST V1 .o vv ettt ettt et e e 1
BBIPAIKEHIE JIJIT U+« v vvet ettt 1
Vcii0Br€e HEMIPOTUBOPEUUBOCTH UCXOTHBIX JTAHHBIX « .« e tvve et et eneeane o 1
TIpuOIMKEHHOE BBIPAKEHUE JIUTST L.\ oottt ettt et e e 1
BBIDAKEHUE JITIST T . oo oot e e e e 1
Kpurepuit TpuMEHIMOCTH TIPUOTIATKEHIIT « « « + . v vv e ettt e et et e e e e e 1
BBIPAMKEHUE JITIST L] .o ve oottt e e e 1
TOUHOE BBIPAIKEHME JIITT L .ot ooi ettt e e 1

3agaua 3. [lepecraHoBKa cJjioB

Moysib BEKTOpa TaHIE€HITHAJIBLHOTO YCKOPEHUs OTBEYAET 38 U3MEHEHUEe MOJLYJIst
CKOPOCTH, IO3TOMY JIJIsl HAXOYKJIEHUSI €r0 CPEJIHEr0 3HAYEHUST JOCTATOTHO MO/ Th
ob1riee M3MEHEHNe MO/IyJIsi CKOPOCTH B XOJI€ MOAbEMa TeJia 10 HAMBBICIIEH TOYKN
Ha BpeMsl TObEMA, TaK KaK CpeJHee 3HAUYEHUE 3a BPEMsl CIyCKa OYIET TAKUM YKe
B CIJIy CHMMETDHUU IBUKEHUS, & BOT IPUMEHSTDH 9Ty JIOTUKY CPA3y KO BCEMY IOJIETY
ObL710 OB OMUOKO#, TaK KaK MOJIYJIb CKOPOCTU 3aBUCUT OT BPEMEHU HE MOHOTOHHO,
MeHsisl yObIBaHUE Ha POCT B HAUBBICIIEH TOUYKE TPACKTOPUU.

IIycrs vy — HaUaIBHAS CKOPOCTH TeNa, § — YCKOPEHUEe CBOOOIHOTO MAICHUST, TO-
/12 BpeMsl 10 rbéMa Bbraucisiercs 110 dhopmyse T = vg sin p/g, a cpejnee 3nadenne
MOJIYJIsl BEKTOPa TAHT€HIINAJBHOIO YCKOPEHUS UMEET BU,

Vo — Vg COS 1 —cosyp

(@) = =—7— =y (20)

sin ¢

Pacuér momyna cpenmero 3HadeHns BeKTOpPa HOPMAIBLHOTO YCKOPEHUS IIPUHIIH-
[INAJIBHO OTJINYAETCSI OT IPEJBIIYIINX BBIKIAIOK, IPUYEM He TOJIBKO TeM, YTO Pac-
CMaTPHUBAETCS JIpyTasl COCTABJIAONIAsl YCKOPEHHUsI, a €IE U TeM, ITO TellePb CHAYaJ/Ia
BBIIIOJIHSIETCSI YCPEJ/IHEHHE, a IIOTOM y2Ke OepETCsT MOJLyIIb.

B cunny cmvmerpnn ABMKEHUSA OTHOCHTEIHHO BEPTHKATIBLHOM IPAMON, TPOXOII-
1eit Yepe3 HaUBBICHTYIO TOUKY TPAeKTOPHH, CpeJHee 3HAUCHIEe BeKTOpa HOPMaIbHO-
r'o yCKOpeHusI Oy/IeT HAlIPpaBJIeHO BEPTUKAILHO BHI3, OITOMY MOXKHO CPa3y yCpeji-
HSATB TOJIBKO €0 BePTHKAJILHYIO IPOEKIINIO Uy, , IPHIEM TOJIBKO 32 BPEMs IO bEMA,
TaK KaK 3a BPeMsI CILyCKa CpejlHee 3HaueHue IpoeKInn Oy1er TakuM xe. [Iycts oo —
yTOJI HAKJIOHA CKOPOCTHU K TOPU30HTY B MOMEHT BpeMeHN ¢ OT HadaJja I0JIETa, TOT,1a
HNCKOMOE CpeJiHee 3HaYeHHe NMeeT BU/L

T T J
. 1 9 1 gdt
(@) = e = 7 [ geostadt = 7 | S0
0 0
0 d
1 gdt V0 COS gt —vpsinp

:TJ ; 2 T - arctg Vg COS -

) (v051n<p—gt) +1 0 (2 0

Vo COS @
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g cos gp cos
g (arctg 0 — arctg(—tgp)) g (21)

Ipupasausas dbunadbHbIe Bhipaxkenus (20) u (21), mosyuaem mocse coKpare-

HUd Ha g ctg ¢ ypaBHeHue
1

cos

—l=o. (22)

DTO TPAHCIEHICHTHOE YPaBHEHUE, IO9TOMY PEIIUTH Mbl €r0 MOYXKEM TOJIBKO YHC-
JIEHHBIMU MeTO/aMHu. ITOOBI OIPEJIETUTh YUCIO €r0 PelIeHuil B HHTEPeCyIOoIeM
nac npomexkyrke 0 < ¢ < 7/2, nocrpoum Ha puc. 6 rpadbuku JeBoii (CronHas
JIMHWSI) U TIpaBoii (yHKTUPHAs JuHUs) dacreil ypasHenust (22).

18

1.6

14F

121

0.2 P

0 : | | | | |
0 0.2 0.4 0.6 0.8 1 12 14

Puc. 6

U3 sckusa rpaduka (yIacTHUKN Ha OJIMMIIHAJE HE MOTYT HCHOJIb30BATH IIPO-
IpaMMBI JIJIS IOCTPOEHNsI TPahUKOB, IIOITOMY U MBI He OyJIEM IIBITATHCH OLpPEeJe-
JIUTH OTBET C X0y O Irpad UKy ) MOYKHO BUJETh, UTO yPABHEHNE UMEET B HHTEPBAJIE
0 < ¢ < /2 eMHCTBEHHDBIN KOPeHb BOJIU3U TOUKHU ¢ &2 1, 9T0 MOXKHO ObLIO 0OHA~
pykuth u 6€3 rpaduKa, ecau 3aMeTUTh, 910 cos 1 & cos 60° = 0,5.
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YT00bI yaydIUATh TOYHOCTD IIOJIyYE€HHOI OIEHKHU ¢ ~ 1, BOCIIOJIb3yeMCs METO-
JIOM TIOCJIEIOBATEJIBbHBIX IPUOJIMKEHNT, 3anmcas ypasHenue (22) B Buje QyHKIMN

1
on = flona) = o = L (23)

Bssas B kavecTBe HyJI€BOro NpubIMzKeHUs g = 1, HARAEM Criemyronme:

Y1 = f(@o) ~ 078515
p2 = f(p1) = 0,517,
Y3 = f(902) ~ 071507

@1 = f(p3) = 0,011.

BusiHo, 9TO TI0CTIE0BATEIBHOCTD BCE GOJIBINE YAAISETCS OT TIPEIIOIAraeMOTO
[OJIOZKEeHUA KOPHd, 3HauuT, pyHKnug (23) Obuia BRIOpaHa HEYIAYHO, [OITOMY IIe-
penuiieM ypasaerue (22) mo-apyromy:

1
©n = F(@nfl) = arccos (m) . (24)

BB B kadecTBe HysieBoro npubsikenus @o = 1, HaliIEM ciemayomnue:

(o)
P2 = F(p1) =~ 1,060,
p3 = F(p2) ~ 1,064,
1 = F(p3) ~ 1,065,

5 = F(ps) =~ 1,065.

HOCKOJIbe PaBEHCTBO Y5 = Y4 BBIIIOJIHEHO C rZLOCT&TO‘{HOI‘/JI TOYHOCTBIO, MO2KHO
3an0ucaTh OKOHYATEJIbHBINT OTBET:

¢ ~ 1,065 ~ 61,0°.

IIpumeuanue. 3amernM, YTO PE3YJIbTAT TPUMEHEHHST METOJIA TOCIIEI0BATEb-
HBIX TPUOJUKEHUN CYIECTBEHHO 3aBUCUT OT BBLIOPAHHON (POPMBI 3AIMCH ypaBHEe-
Hus B Buje yHKIMH. ECIn M0ce/10BaTeIbHOCTD TPUOJINKEHHBIX 3HAYEHUN CTPe-
MUTCSI K ICKOMOW BEJIUMIHHE, TO TOBOPSIT, YTO METO/] CXO/INTCSI, & HHATE — ITO METO/T
pacxoaures. [loyemy Tax MpoOUCXOIUT U KaK BLIOUPATH «IIPABUILHBIE» (DYHKIUN,
PACCKA3BIBACTCA B KyPCe BBIYUCIUTETHHON MATEMATHKHA.

Ipumepras cucmema oueHUBAHUSA
Beipaxenue jst (
Bripakenue st |
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Tlostyuerne HyJ1€BOIO HPUOIMIKEHUST 00 R 1 o ovvei et iee e 1
TTonyuaenue wucsennoro orBera @ &~ 1,065~ 61,0° . ...... ..ot in 2

3aga4va 4. TpeyroJsbHasl jiacTuHa
Obmias dopmysa. CrepBa BbIBeIEM OJE3HYIO O0ITYI0 (DOPMYILY

F| =o®, (25)

e 0 — MOBEPXHOCTHAS IJIOTHOCTH 3apsijia PABHOMEDHO 3aPS?KEHHOI ILJIACTUHBI,
® — IIOTOK BHENIHErO 3JIEKTPUIECKOrO 10Jig (He 00A3aTe/IbHO OJHOPOIHOI0) He-
pe3 wiactuny, F'| — nmeprneHauKy/sipHas IIACTUHE [TPOEKITNS CHUJIbI, JIeHCTBYIOMIei
HA [JIACTUHY CO CTOPOHBI BHEIIHETO 3JIEKTPUIECKOTO TIOJIS.

Ha maJsibiii Kycodexk mjiacTWHbBI, MMeROIInii miomaab dS u 3apsa dg = odS,
JeficTByeT MepueHInKyasapHo miactune cuna dF'| = F | dg. Uarerpuposanne dF'|
10 BCell IJIACTHUHE IJIOMAMIBI0 S € UCIOJJIH30BAHUEM OIpejesieHns: oToka ¢ maér
3asBJICHHYIO (DOPMYJLY:

FL:JCZFL:O'JVELCZS:O'(I).
S S

Pemrenue 3agaun. [Tomectum B Touky O npoOHBI 3apsi ¢ U 3aIUIIEM HCKO-
MYIO HAIIPSKEHHOCTH B Buyie = F/q, tne F — cuuta, neficTByromast Ha TIPOGHBIH
3aps#J1 co CTOPoHbI IacTuHbl. [lo Tperbemy 3akony HpioTona Takas ke 110 MOJLyJIIO
cuta F' ieficTByeT Ha IUIACTHHY CO CTOPOHBI TPOOHOTO 3apsaa. B cuay cummerpun
CHCTEMbI OTHOCHUTEIHHO II0BOPOTA HA Yoyl 27T/3 BOKDYr OCH, IPOXOJdiieil yepes
touky O U IEHTD IJIACTUHBI, criia ' HallpaB/ieHa BIOJIb 9TOH OCH, OTKY/Ia CACIyeT
pasenctBo F' = F| . C yuérom opmyiibl (25) mosrydaeM BbIpasKeHHe

=22 (26)
q
rae ¢ — moTOK ITEKTPUIECKOrO MOJIst MPOOHOTO 3apsiia 9epe3 IIACTAHY.
SameTuMm, dYTO IJIACTUHY U POO-
HBI 3apsA)i MOXKHO Pa3MECTUTh BHYTPH (V2
U Ha IOBEPXHOCTHU Ky0a TakK, KaK II0Ka3aHO @) ¢
ua puc. 7. [Tockompky 8 Kacaromuxcst KyOoB
¢ obmeit BepruuOit (O MOJHOCTHIO OKPY-
KaoT 3apaj ¢, norok P cocrasiger 1/8
JIOJII0 cyMMapHoro rnoroka ®g or 3apsana q,
KOTOpBIIl coryiacHO TeopeMe laycca mmeer

sun ©y = g/eo. |

Toncranoska Boipaxkenus ® = ¢/(8p) JA N Y A
B dopmyiy (26) maér OKOHYATE/LHBIA OT- R
BET: -7

g .

8o Puc. 7
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IIpumepraa cucmema OUEHUBAHUA

UcnonbzoBanue GopMyIbl F = F/q ... 1
Ucmonp3oBanme OpMYITBI F' = F'| ..ot e 1
Ucmonp3oBanne popMyabl F'| = a®@ ..o 2
HUcnonbzoBanue opmyitel @ = Pg/8 ... 2
U cti0/1630BaHIE POPMYIIBL g = G/E0 + v veee e e 1
OKOHIATETBHBII OTBET . . .« ¢t ettt ettt et et et e et et e et e 3

3aga4da 5. KomHaTHass TepMoauHaAMHUKa
3amaya A. Ilyctp T3 — TeMmieparypa BHyTpeHHEl CTOPOHBI OKHa, S — ILIO-
ma/b OKHAa, TOrJ/Ia PaBEeHCTBO MOTOKOB TeIljIa Yepe3 CTEKJIO U Uepe3 IHOIPAHUIHBIN
CJION BO3/lyXa UMeeT BU/L

T3 -1 15— 13
” .S.izz .8.77
1 I 2 I
OTKY/Ia MOJIy4aeM PaBEHCTBO
Z1 o, Tl + 22 | T2
T3 = hl%l—ff ~ —1000.
Z1 _l’_ z2
h1 ho

ITap 6ymeT KOHIEHCHPOBATHCS HA CTEKJIE, MIOKA €0 JIABJICHUE HE CTAHET PABHO
JIABJICHUIO HACBIIIEHHOTO MMapa Ipu Temieparype crekyia. OTcoga HAXOquM yCcTa-
HOBUBIIYIOCA BJIa?KHOCTb BO3/yXa B KOMHATeE:

Pruac(T3) 2868 Ila
Pac(T1) — 2338 1a

~ 12,3%.

Bagaua B. llckomoe orromenne Haiijém o dhopmyse © = AQ2/AQ, rue AQ
u AQ2 — KOJUIECTBA TEILUIOTHI, KOTOPbIE HYKHO MOJBECTH K COOTBETCTBEHHO CY-
XOMY U MAKCHMAJBHO BJIAXKHOMY BO3/yXY /I HAIDEBAHUS HA HEOOJIBIIYIO TE€MITe-
parypy AT. Ilycts V' — 006bEM KOMHATBI, IV — KOJUYECTBO BO3JyXa B KOMHATE,
R — yHuBepcasbHas ra30Bas IOCTOSHHASI, TOT/a C IOMOIIBI0 ypaBHeHus Mengesre-

eBa—KJarmeiipoHa MOXKHO 3aIIMCaTh IIePBOE HAYAJIO TEPMOIUHAMUKH B BHJIE
AQy = §VRAT = > . il - AT. (27)

2 2 T

TTockouibKy BO3IyX MaKCHUMAJIBHO BJIAXKHBI, maBjeHne P mapa Haxoanm mo Tab-
JINIIE U3 YCJIOBUsI, & JaBjieHne P, Bo3myxa BhIpakaeM KakK MapliuajibHOE JTaBJICHUE:

P = Puac(T) = 1706 Tla, P, =Py — P =98,3 xlla.
Amnasornunoe dopmyiie (27) BbIpazkeHue sl BJIAYKHOTO BO3/LyXa UMEET BHL

PV PV
AT +3-— AT
T + T ’

5
/——.
AQ2—2
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IJie [IPU 3aIUCU YUCJIOBBIX KOI(DMUIMEHTOB yITEHO, YTO BOJIAHON Iap SBJISAETCS
TPEXATOMHBIM I'a30M, HO €IIlé He yUTEeHO ucrapenue Bojbl. V13 ypasuenusa Mensese-
eBa—Kameitpona BeIpasum Maccy mapa u e€ u3MeHeHue:

N4
RT?

pPracV
m=-—-—

— ) _
RT Am =m/(T)AT =

(TP

Hac(T) - PHdC)AT
TIpousBosmyio u3 npeapiayieir (GopMyJIbl HAKIEM YUCACHHO [0 TADJIHIIE:

Paae(T +1 K) — Puac(T — 1 K)
2 K

a= P, (T)=

Hac

=110 Ha/K.

ITpumeuanne. 3amernm, 9T0 GOPMYIIBI TUCICHHOTO B3sITUsI IPOU3BOIHON

f(z 4+ Az) — f(z) iy f@) = flz— Az)
Az Flw) = Az

f'(z) =

JIAIOT U3-33 KOHEYHOCTH AX Pa3JudHble Pe3yJIbTaThl, JIeKalpe OObITHO 10 PA3HbIe
CTOPOHBI OT UCTUHHOIO 3HAYEHUsI, [TOITOMY OoJiee TOUHON (DOPMYJION IUCTCHHOTO
uddEepeHITMPOBAHTST ABJISIETCS UX CpejiHee apudMeTHIecKoe:

1 (f(IJrAx)—f(x)+f($)—f(x—A$)> _ e+ Ar) - flz - Ax)

! — _
Fla) = 2 Az Az 2Ax ’

KOTOPBIM MbI W BOCIIOJIb30BAJIMCH ITpU BhrauciaeHnn a. O TOM, KakK BBIOPATH OITH-

MaJIbHYI0 (hOPMYJLY /st KOHKPETHOI (DyHKINN, YTO OCOOEHHO BayKHO JIJIsi KDATHBIX

IIPOU3BO/IHBIX, PACCKA3BIBACTCA B KyPCE BBIYUC/IUTEIBHON MaTeMaTUKH.
KousmaecTBo TensoTsl, HeOOXOMUMOI /I UCIIAPEHUs], IMEET BHUJL

V_(aT — P)AT.

"o M
AQ5 = LAm = RT?

Ucnonbaysa Boipaxkenue AQo = AQS + AQY, mojyduM UCKOMOE OTHOIICHUE:

P, 6P 2uL
r=tq 4 2E

MY aT — P).
P, 5P,  BRTP, (a )

Kazxoe ciiaraemoe B 91oit hopmysie cBS3aHO ¢ OTAEIbHBIM (D DEKTOM, TOITOMY
JIJIL UX KOJIMYECTBEHHOTO CPABHEHUS BLIYUCIUM & II09TAHO (He 3a0bIB IPU II0JCTa-
HOBKE [IePEBECTH TeMIEePATyDPy B KEJbBUHDI):

z = 0,983 + 0,0205 + 2,254 ~ 3,26.

Takum 06paz3oM, Cyxoil BO3IYX OCTBIBAET CYIECTBEHHO OBICTPEE BJIAXKHOTO.
ITpumeuanne. IlepBoie 1Ba ciaaraeMbix AT B cymMe 1 ¢ XOpOIIIeil TOYHO-
CTHIO, TO €CTh TEIJIOEMKOCTH CYXOI'O U BJIAYKHOT'O BO3/IyXa MOYKHO CUATATH IIOUTH
onmuaxkoBbiMu. OHAKO TVIABHBIN 3DMEKT CO3MAET TPEThE claraeMoe, OTBEIAIONIee
3a Paz30BLIN ITepexo/I, MPpUIEM ¢ pocToM 1’ BeudnHa a OYJIeT pacTh BCE ObICTpee,
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Junior league

Problem 1. Balls in infinite ocean

Suppose that the whole Universe is filled with an incompressible liquid with a
density pg, in which there are located at a large distance L from each other two
uniform solid balls each having a volume V' and densities p; and pa.

1. With what force F; do the balls interact with each other?

2. Find vector sums Fb; and Fyy of fluid-pressure-induced forces on the first
and second balls, respectively.

3. What external forces F3; and F3o must be applied to the first and second
balls, respectively, to keep them at rest?

4. What is an acceleration ay of the first ball immediately after a simultaneous
release of both balls, if an acceleration of the second ball is equal to as?

Problem 2. Gluck’s solutions

Gluck, an experimenter, carried out experiments
with dilute solutions: he took a U-shaped tube, -
divided it into two parts by a partition, which is -

Ah|| =
permeable only to water, and poured pure water
in one knee of tube, and in the other knee he —--
poured a water solution of substance X (fig. 8).
Gluck measured a turned out to be very small -
fraction x of substance X of total amount of matter H,O _ ==
in the right knee and found that surfaces of liquids :
in the knees of tube are located on different levels, Fig. 8
moreover, a difference of heights Ah depends on a
temperature T' according to a formula Ah = xRT'/(1(g), where R is the universal
gas constant, p is the molar mass of water, g is the free fall acceleration.

1. Find a difference AP of pressures of liquids on different sides from the
partition. The density pg of pure water and a maintained temperature 7" are known.

2. By what value AP, is a saturated water vapor pressure above the solution
less than a saturated vapor pressure P, above the pure water? Suppose that the
substance X does not evaporate.

3. By what value AT} is a boiling temperature of solution at an atmospheric
pressure Py greater than a boiling temperature of pure water? The boiling
temperature T}, of pure water depends on a height z over sea level (in a range
of small heights) according to a formula Tj(z) = T;(0) — Az, where A is a known
constant. A density of air p is known.

|><|I

IOII

[ =s W N
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Problem 3. Bead on helix
A small bead was put on a long wire bent in a form of helix with a lead H,
inscribed in a vertical cylinder of radius R, and the bead was released without an
initial speed. A coefficient of friction between the wire and the bead is equal to p.
Find a steady speed v of bead.

Problem 4. Alternate grounding

Plates of spherical capacitor are two concentric metal
spheres of radii r and R (r < R). The capacitor was charged to a
voltage Uy, and then by means of flip-flop switch one started ’
to alternately ground the capacitor plates (fig. 9). The inner
plate was grounded as the first one, then the outer plate was
grounded, then again the inner plate was grounded, and so on.
As a result, each of plates was grounded n times. Find final Q
charges ¢, and @), on the inner and outer plates, respectively.

n

Fig. 9

Problem 5. Electromagnetic foil

Two fixed strips of well conductive foil are connected from one
end to a source with an internal resistance r, and from the other
end to universal terminals (fig. 10). If between the terminals nothing
is connected, then the strips interact with each other with a force Fi,
and if the terminals are short-circuited, then the strips interact with
each other with a force Fj.

1. With what force F3 will the strips interact with each other if a
resistor of resistance R is connected to the terminals?

2. At what resistance R will this force be equal to zero?

Fig. 10
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Senior league

Problem 1. Undecided small ball
Two large smooth plates move codirectionally [77 %%
and perpendicular to their planes with constant uo
velocities @; and s (fig. 11). A small light ball
moves between the plates elastically reflecting

from them. At an initial moment of time a distance 7 U - U2
between the plates is equal to Lo, and the ball

touches the overtaking plate and has a velocity Lo

directed at an angle ¢ to the velocity w; of /] 7

the plate. It is known a relation between speeds: Fig. 11

Up COS p > uy > ug > 0.

1. Find a magnitude of displacement S, of ball to a moment, when it makes
very many collisions with the plates.

2. Find a magnitude of displacement S, of ball to a moment immediately
after an nth collision with the plate for any given n.

Problem 2. Particle in field

As a result of interaction only with a homogeneous magnetic field with a
magnetic induction B a particle of mass m with a charge ¢ flies with a constant in
magnitude velocity v along a trajectory having a radius of curvature R.

1. Specify a condition, under which the given data are consistent.

2. Estimate a distance [, to which the particle will shift during a large time t.

3. Find a criterion of applicability of used approximation.

4. Determine the exact distance L, to which the particle will shift during an
arbitrary time t.

Problem 3. Rearrangement of words

At what positive angle ¢ to the horizon is it necessary to throw a body so
that during a time of its flight before its return to an original height an average of
absolute value of vector of tangential acceleration coincides with an absolute value
of average of vector of normal acceleration? Do not take into account air resistance.

Note. In this problem it is not required to give an answer in a general form,
but it is necessary and sufficient to obtain the desired value with accuracy to tenths
of angular degree.
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Problem 4. Triangular plate

A plate in a form of regular triangle with a side £1/2 is uniformly charged with
a surface density o. Find an electric field £ at a point O located at the same
distance ¢ from each vertex of plate.

Problem 5. Room thermodynamics

Problem A. In a window of a closed room Table 2
there is mounted armoured glass of thickness T.°C | P,Pa | T,°C | P, Pa
hy = 8 cm, having a thermal conductivity 0 611.0 0 611.0
coefficient 511 = 0.3 W/(m-K). A temperature I 6573 | —1 5630
outdoors is 77 = —20°C, and in the room a 9 705.8 _9 598.3
temperature 75 = 20°C is maintained. Assume 3 758.4 _3 490.6
that near the window it is formed a transition 4 813.4 4 455.9
layer of air of thickness hy = 2 cm, a 5 879.5 _5 4929
temperature of which changes from the room 6 935.1 6 391.3
temperature to a temperature of internal side 7 1002 _7 362.4
of window. What relative humidity ¢ will be N 1073 _g 335.4
established in the room, if initially the air was 9 1148 _9 310.3

humid enough? Take a thermal conductivity 10 1998 —10 | 286.8

coefficient of air equal to sr2 = 0.025 W/(m-K). 11 1313 | —11 | 264.9

Problem B. Find a ratio x of rates of 12 1402 _192 | 2446
drop of temperature from an initial value 13 1498 13 | 92956
of T' = 15°C immediately after turning 14 1598 _14 | 208.0
off heating in a closed room with dry air 15 1706 | —15 | 191.6
and in another identical room with maximally 16 1818 _16 | 1764
humid air, if heat capacity of walls and items 17 1938 17 | 1622
in the room is not taken into account. An 18 2064 18 | 1491
atmospheric pressure Py = 100 kPa. A 19 2198 —19 | 1370
specific heat of evaporation of water at low 20 9338 —90 | 1957

temperatures is L = 2.5 MJ /kg.
Note. In problems A and B the matter concerns different rooms. Values of
saturated vapour pressure at some temperatures are given in table 2.
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Possible solutions

Junior league

Problem 1. Balls in infinite ocean
From a definition of density we will express masses of balls:

my = p1V, ma = p2V.

1. The balls interact between themselves only gravitationally according to the
law of universal gravitation:

ymima  yp1p2V>
= 7

2. Mentally we will divide the entire liquid into a liquid ball of mass my = poV'
located symmetrically to the second ball with respect to the center of the first one,
and the rest of liquid. The total force of gravitational interaction of first ball and the
rest of liquid is equal to zero, as the rest of liquid is symmetric with respect to the
center of the first ball, i.e., for every particle of the rest of liquid another particle
will be found, which acts on the first ball with the opposite gravitational force. We
will assume that the direction from the center of the first ball to the center of the
second ball is positive, then the free fall acceleration produced in the region of the
first ball by the gravitational field of the second and liquid balls has the form

_yma ymo _ Y(p2 — po)V
D= T T 12

By virtue of condition L? > V this gravitational field can be considered
homogeneous, i.e., the same at any point near the first ball.

The vector sum of forces of pressure of liquid (or gas) on a body at rest in a
medium — this is one of definitions of the Archimedes buoyant force, which can
baffle except for those who do not like to remember verbal definitions of physical
concepts, therefore, the required force Fb; is found by means of weight of displaced
fluid: 2

Fo1 = —mog1 = WJTM-

Repeating the same arguments for the second ball (or just replacing indices),

we obtain the free fall acceleration in the region of the second ball

_ymi ymo _ y(p1 — po)V
PRET TT2 T 12

and the answer to the second question of this point:

— V2
Iy = —mpgo = —7p0(p0L2 Py .
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3. To keep the first ball at rest, it is required to apply to it a force, which is
equal in magnitude and directed oppositely to the sum of forces acting on it from
the sides of liquid and second ball:

W(Pl —po)(p2 — PO)V2'

Py = —(migr + Fo1) = — 72

Repeating the same arguments for the second ball (or just replacing the indices),
we get the answer to the second question of this point:

Y(p1 = po)(p2 — po)V?
L2 ’

F3p = — (mags + Foy) = —

Note. We will note that the found forces were the same (only in the absolute
value since the positive directions for them were chosen in the opposite directions).
This coincidence could be foreseen beforehand, mentally connecting the balls by a
thin light rod: it would act on them with forces of the same magnitude, and the
balls would remain at rest.

Note. It deserves special attention a method of finding the forces F3; and F3o
by subtracting the density po from the whole space, after which a void remains
in the place of liquid, and the densities of balls become (p1 — po) and (p2 — po),
respectively. The strength of gravitational interaction of new balls with the required
sign will be the answer to both questions of this point. This force is also called an
effective force of interaction, and it can be found in practice, for example, in a
calculation of interaction of electrons in a crystal lattice: they do not just repel
each other according to Coulomb’s law, but each of them causes displacements of
other charges, indirectly changing the resulting force acting on the second electron,
therefore, the total change of resulting force acting on one particle induced by
emergence of second particle is called the effective strength of interaction. The
effective strength of interaction (taking into account influence of environment) is
not to be confused with the usual force of interaction, which we found in this
problem in the first point.

4. Why in the problem statement is the acceleration of second ball given, if
we know the masses of balls and all forces anyway? The fact is in existence of
a so-called added-liquid mass, i.e., the mass of liquid, which comes into motion
with the body, since the medium needs to make way for the body and to fill space
behind it. The added-liquid mass depends only on a shape and sizes of moving body
and the density of liquid, therefore it will be the same for both balls. Taking into
account the added-liquid mass p and the resulting force found in the previous point

v¥(p1 — po)(p2 — po)V2

Fy = 15

laws of motion of balls immediately after their release will take a form

F3 = (my + p)a, F3 = (ma + p)as,
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from which after exclusion of x4 we find the acceleration of the first ball:

Fias

“ F3 + (m1 — mg)ag '

Note. We will verify the obtained formula in particular cases. If the balls are
the same (m; = ms2), then the formula gives a quite expected equality a1 = as.
If the liquid was not present, then for redundant data a condition F3 = moas was
supposed to be satisfied, after a substitution of which the formula is simplified to an
also quite expected form a; = F5/m;.

Grading system

The answer o1 FY . ... e 1
The answers for Foq and Foo ..ottt et 3
The answers for F31 and F3o ..ottt et 3
The AnSWeT fOr @1 .. ..ot 3

Problem 2. Gluck’s solutions
1. A density of dilute solution (z < 1) can be considered as equal to the density
of pure water, therefore, the desired difference of pressures has a form

AP ~ pogih = LB

2. From the Mendeleev-Clapeyron equation (the ideal gas law) we will express
the density of saturated vapor above the pure water:

_ Kb
Pn="RT"

The decrease of saturated vapor pressure above the solution can be calculated
according to a formula of hydrostatic pressure of column of vapor:

uPy, zRT

AP, = pogAh = "2 .
Png RT 9 g

P, x. (28)

3. A boiling temperature is a temperature, at which a saturated vapor pressure
is equal to an external pressure. The saturated vapor pressure above the solution is
less than the saturated vapor pressure above the pure water, but it grows with an
increase of temperature. Therefore, it is necessary to find such the increase AT}
to the temperature, which compensates for an effect of consideration of solution
(but not the pure water).

An increase of pressure of saturated vapors at the height z < 0 (below sea level)
is equal to an additional pressure of column of air of height (—z2):

AT,
AP, = —pgz = png, (29)
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where the quantity z is expressed from the dependence T} (z) given in the statement
of problem. Equating formulas (28) and (29) for AP,, and taking into account that
at the boiling temperature the equality P, = Py is satisfied, we find the required
temperature difference:

ATk = ﬂx
P9

Grading system
The answer for AP ... 2
The density of saturated vapor........... ...t e 1
The answer for AP, ... 2
The equality P, = Py at the boiling temperature................. ... ... .. ... 1
The idea of equality AP, from the two effects.................................. 1
The expression AP, through ATy ... .o e 1
The answer for AT g . ..o e 2

Problem 3. Bead on helix

We will consider a vertical plane « that touches
a cylinder, which is circumscribed around the helix,
at a point, in which the bead is located at some
instant of time (fig. 12). The bead of mass m moving
along the wire with the constant speed v is acted upon
by three forces, which are constant in magnitude: a
force of gravity mg and a friction force F', which lie
in the plane «, and a normal reaction force N, which
does not lie in the plane «, and therefore in fig. 12 it Fig. 12
itself is not depicted, but its projection N} on the plane « is pictured.

Since the bead has only centripetal acceleration, which is perpendicular to the
plane « and is created by a perpendicular to the plane o component N | of normal
reaction, one can write in the plane « conditions of equality of forces on a direction
of velocity and perpendicular to it:

F = mgsinp, N = mgcos o, (30)

where the angle ¢ of slope of trajectory to the horizon can be found from geometric
sizes of helix:

H
tanp = R (31)

In a system of reference moving downward with a speed v sin ¢, the bead moves
with a speed vcosp around a circumference of radius R, which allows finding a
force that produces the centripetal acceleration:

2
NL:m.%. (32)
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After writing a formula for the sliding friction force
F =uN (33)
and the Pythagorean theorem for the normal reaction

N =/Nj+N? (34)

a physical part of problem is finished, and it remains to combine all the equations
in a system and to solve it for v.
We will square equation (33) and substitute expressions (34), (30) and (32):

2 .2 2
(mgsing)® = p° <(mgcos ©)* + (W) ) :

cancel m?g? cos? o for simplification:

vicos?
e

use a trigonometric identity 1/ cos? ¢ = 1 + tan? ¢:

t 2
v = g2 R*(1 + tan? @) < an2 L. 1) :
1

substitute formula (31) and obtain a final answer:

H? H?
v=1/gR- i‘/(1+4ﬂ_2R2) (471'2R2u2 —1).

We will note that under a condition H < 27w Ry the radicand is negative, which
is nonphysical and evidences a violation of assumption (33) that the bead will be
acted upon by exactly the sliding friction force, but not a static friction force. So,
it is necessary to add to the answer one more case: v = 0 for H < 2w Rp.

Grading system

The formula for tan ... 1
The expression for Fl. ... 1
The expression for Nj.........oo i 1
The expression for N | ... e 2
The connection between F' and N ...t e 1
The Pythagorean theorem for N ...... .. .. i 1
The final answer ... ... e 2
The condition when the bead isat rest.......... ... ... . i 1
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Problem 4. Alternate grounding
Let go and Qo be initial charges on the inner and outer plates, respectively,
then from a condition of electroneutrality of capacitor ¢o = —Qp. We will express
the voltage between the plates as a difference of their potentials:

. k k k k
UO:SDSutBT_SD(ZJHnBT:< Qo'i‘ﬂ) _( QO_’_ﬂ) —

R R R r
1 1 1 1
=k — —— | =k [
w(b- 1) s 1),
from which B
r
Qo = RE=1) - Uo. (35)

Note. The obtained expression could be written at once using a formula for
capacitance of spherical capacitor:

Rr

When a conductor is grounded, its potential becomes equal to a potential of
infinitely remote body, which in accordance with a formula ¢(z) = kq/z is equal
to zero. Therefore, the charge of plate after each ground can be found from the
condition of equality to zero of its potential:

inner kQ kq
P = RO 5
k k
pouter — % + % =0, from which Q1=—q1 = %Qo.

A calculation of charges after the second pair of grounds is completely analogous:

=0, from which Q= —%QO;

. k k 2
Py " = % + % =0, from which ¢ = —}%Ql =- (}%) Qo;

kQs k ~ L)
pguter — % + % =0, from which Qa=—q = (E) Qo-

Generalizing the results for n pairs of grounds and substituting the expression
for Qo from formula (35), we will finally obtain

We will note that it is not said in the problem statement, which of plates was
initially positively charged, and which was negatively charged. In the solution we
assumed that Qg > 0, but gy < 0. But if this is not so, all the answers will change
the signs.
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Grading system

The expression of Qy and gy through Uy ... i 2
The use of condition ¢ = po = 0 when grounding............... .. ... .. .. 1
Finding ..o oooo o 1
FInding Q1 ..o 1
The general ansSwer fOr G .« ..o vt 2
The general answer for Q. .. ...t vttt 2
A comment about the signs of charges ........... ... . .. il 1

Problem 5. Electromagnetic foil
If nothing is connected to the terminals, then there is no current in the electric
circuit and the strips are attracted due to an electrostatic force directly proportional
to their charges, which are themselves proportional to an applied voltage, since the
strips may be considered as capacitor plates. Let & be an EMF of source, and a is
a certain coefficient, then an equation can be written

Fy = a&?. (36)

If the terminals are short-circuited, then the charges are not accumulated
and the strips repel due to a magnetic force directly proportional to flowing in them
currents, which are determined by Ohm’s law. Thus, using a certain coefficient b,

an equation can be written
£\ 2
Fr=b <_) | (37)
r

If the resistor is connected to the terminals, then both the electrostatic and
and magnetic interactions are observed. According to Ohm’s law, a current [ in the
circuit and a voltage U between the strips have forms, respectively:

& R&

r+ R’ r+ R

(38)

Using the same coefficients @ and b and considering the attraction force as
positive, one can write an equation

F3 = aU? — bI?,

from which after substituting the expressions for U and I from formulas (38)
and expressions of coefficients of a and b from equations (36) and (37) we find
the required force:

R ( REN? Fy? (& \' RF 7R
&2 \r+R & \r+R)  (R+r)?

Fy (39)

Note. It is useful to make it a rule to check each general answer for special cases.
In this case in formula (39) one can substitute R — oo and R = 0 and obtain F}
and — Fb, respectively, which corresponds to expectations.
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In order to answer the second question of problem, we will equate the expression
for F3 to zero, whence we will find the required resistance, at which the electric
and magnetic interactions compensate each other:

I
R = —.
T”Fl

Grading system

The obtainment of proportionality Fy = alU?...........ccoiiiiiiiiiie i, 2
The obtainment of proportionality Fo = al?.........coiiiiiiiiiieee .. 2
The use of Ohm’s law . ... 1
Taking into account the direction of forces......... ... ... ... ... ... 1
The ansSwWer for F3 ... e e 2
The answer fOr R ... ..ottt e e e e 2
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Senior league

Problem 1. Undecided small ball
1. Since at the collisions of ball with the plates there is no friction, a component
of velocity of ball, which perpendicular to the direction of movement of plates, will
remain constant:
V] = U sin .

As the plates approach each other, the collisions of ball will happen more often
and their number will limitlessly increase, therefore, the value S can be found by
considering a situation when the distance between the plates will be negligible, i.e.,
the plates will almost collide from which we find a shift z., of overtaking plate to
the time ¢o, of their encounter:

Ly Louy

too = ) Too = Ultoo =
Uy — U2

uyp — ug’
A shift of ball in the transverse direction has a form
Lougsin ¢
yOO = ’UJ_tOO - -
Uy — U2
An answer to the first question we get according to the Pythagorean theorem:

Seo = VT T =

0 .
u? + uZ sin” .
Uy — U2

2. To simplify calculations, we will go to a system of reference, moving in the
direction of movement of plates with a speed v. = (u; + u2)/2 and meanwhile we
will only consider a longitudinal motion of ball. In the new system of reference the
plates come closer with equal in magnitude speeds u = (u; — u2)/2, and the ball
has an initial velocity vg = ugcos¢ — v..

Let v, be a speed of ball immediately after the nth collision, then from a
condition of elasticity of collision (the speed of ball relative to the plate does not
change as a result of collision) one can write a recurrence relation

Up = Up—1 + 2u,
from which a general formula follows
Vp = Vo + 2un.

Let L,, be a distance between the plates immediately after the nth collision,
T is a time of motion of ball with the speed v,, i.e., the time between collisions
with numbers n and n + 1, then from formulas of uniform motion one can write
the following equations:
L, L,

n: = 5 40
T Un+u  vo+2un+u (40)
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2ul, Qun — 3
Ly=Lot—2umyy =Ly - —oncl 0T 2R
vo + 2un —u vo + 2un — u

We will use the last formula, successively expressing L, through L,_1,
then L, _; through L,,_3, and so on to L1 = Lo(vg — u)/(vo + u):

o+ 2un —3u v+ 2un —Su vo+u vg—u
" wg42un—u vo+2un—3u T vo+3u vo+u 0
from which after cancellation we obtain a general formula
—u)L
Ly = o= wko (41)

vo + 2un —u’

Note. It is always useful to check nontrivial general formulas (even intermediate
ones) for special cases. When n = 0, formula (41) gives a correct identity Lo = Lo.
When vy = u, formula (41) gives Ly = 0, which is completely expected, as in this
case the ball moves with the overtaking plate and its first collision with the other
plate will simultaneously be the collision of plates. When vy > 2un, formula (41)
gives L,, =~ Lo, which is fully expected, as in this case the plates will almost not
move during a time of all n collisions of ball.

Substituting expression (41) in equality (40), we obtain a general formula

('UO — U)LO
(vo + 2un — u)(vy + 2un +u)’

Tn —

which we will rewrite in a more convenient for summing form:

(vo —u)Lo 1 1
Tn = - )
2u vo+2un—u vy +2un—+u

in order to find a moment of time of nth collision:

(1)0—U)L0 1 1
tn:TO+7'1+---+Tn—1: — —|—
2u vo—U Vot u

1 1 1 1
+<v0+u_vo+3u>+m+(v0+2un—3u_vo+2un—u>> N

7(’00—11,)L0 1 1 o nLo
a 2u vo—u vo+22un—u)  vo+2un—u

Note. In the usual way we check the nontrivial general formula for special
cases. When n = 0, formula (42) gives top = 0, which is completely expected, as the
initial touch of ball and plate can be considered as a zero collision. When n — oo,
formula (42) gives to = Lo/(2u), which coincides with the result from the first
point of problem. When u = 0, formula (42) gives t,, = nLg/vg, which is entirely

(42)
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expected, since with fixed plates the ball goes through between the collisions the
same path L.

We will return to an original system of reference. Immediately after an even
collision the ball is near the overtaking plate, which has at this moment a shift
u1ty, and immediately after an odd collision the ball is near the other plate, which
is away from the overtaking one by L,,. With the use of modulo operation the shift
of ball along the direction of movement of plates is written as one formula:

ulnLO ('UO — U)LO

Xy = Uity + Ly - (nmod 2) = -(nmod?2) =

vo+2un—u vy +2un —u

un + (ug cos p — uy)(n mod 2)
ugcosp —uy + (ug —ug)n

:LO'

The shift of ball in the transverse direction has a form

Lonug sin ¢

=0 t =
In Lin ugcosp —uy + (ug — uz)n

An answer to the second question we get according to the Pythagorean theorem:

Ly \/(uln + (ug cos p — u1)(nmod 2))2 + n2ud sin” o

ugcos —uy + (ug — uz)n

Sn: \/x%_'—yn:

Grading system

The answer fOr Sag . oo e 2
The general formula for vy, . ..o 1
The general formula for L, .......... e 2
The general formula for 7, ... 2
The general formula for ¢, ......... e 2
The answer f0r Sy, .. oo 1

Problem 2. Particle in field
The charged particle moves in the homogeneous magnetic field in a helix as a
result of addition of two movements: a motion along the field with a constant
speed v| and a motion in a plane perpendicular to the field in a circle of radius r
with a constant speed v .
1. The particle moves under action of the Lorentz force F' = quv) B, therefore
from Newton’s second law F' = ma we will express a particle acceleration a:

_qu.B

43
L (13)
Substituting the obtained expression into a formula for a centripetal acceleration

a = v?/R, we will obtain the component of particle velocity perpendicular to the

field:

mv2

gBR’

vl = (44)
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By the Pythagorean theorem v

= ’Uﬁ + v? we find the component of particle
velocity along the field:

m2v?

v =v 1_q23232'

The given data are consistent, if the radicand is nonnegative, that is, under the
condition mv < ¢BR.

2. The circular motion is limited, therefore its contribution to the total
displacement after the large time can be neglected as compared to the displacement
along the field, from which it follows the estimate for the desired shift:

m2v?

3. In an inertial reference system moving with the speed v|| along the field, the
particle moves round the circle of radius 7 with the constant speed v and the same
acceleration a, therefore from the formula of centripetal acceleration a = v? /r after
substituting expressions (43) and (44) we find the circle radius:

vi omoug m?v?

= == — = — 46

" qB ¢°B2R (46)

The approximation used for finding [ is correct when [ > r, from which after
substituting expressions (45) and (46) we find the criterion of applicability:

m2v m2p? \ "1/2
t 1-— .
> FB°R < q2B2R2)

Note. A simplified criterion «the time is much greater than the period of
rotation», leading to a relationship ¢Bt > 27m, is insufficient for an estimation
of applicability of used approximation, as it does not take into account a ratio of
velocities: the particle can rotate for a long time, but because of small component v
the particle can almost not be shifted as a result.

4. For finding L it is necessary to take into account the transverse displacement
of particle. During the time t it will be displaced along the circumference by an
angle ¢ = v t/r. A chord subtending this arc has a length

()]

By the Pythagorean theorem we find the total displacement:

2,,2 4,,4
5 5 m2v 2,9 dmot ﬁ
= /12417 \/ 2B2R2)vt +7q4B4R28m <2mt .

2m2v?
QBQR

lL=2r‘sin§‘:
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The approximate expression for [........... ..o 1
The exXpression for 7 ... ..o e 1
The criterion of applicability of approximation ....................cciiins oun.. 1
The expression for 1] . ..o e 1
The exact expression for L. ... e 1

Problem 3. Rearrangement of words
The absolute value of vector of tangential acceleration is responsible for a change
of speed, therefore for finding its average value it is sufficient to divide the total
change of speed in the course of rise of body to the highest point by a time of rise,
so an average over a time of descent will be the same by virtue of symmetry of
movement, however, it would be a mistake to apply this logic directly to the whole
flight as the speed nonmonotonically depends on the time, changing a decrease to
an increase at the highest point of trajectory.
Let vy be the initial velocity of body, g is the free fall acceleration, then the
time of rise is calculated according a formula 7" = vysin /g, and the average of
absolute value of vector of tangential acceleration has a form

Vo — Vg COS 1 —cos
) = F—F—F =g —5 = (47)

A calculation of absolute value of average of vector of normal acceleration is
fundamentally different from the previous computations, and by not only that
another component of acceleration is considered, but yet in that now at first the
averaging is carried out, and then the absolute value is taken.

By virtue of symmetry of movement relative to a vertical straight line passing
through the highest point of trajectory, the average of vector of normal acceleration
will be directed vertically down, therefore, only its vertical projection a,, can
immediately be averaged, and only during the time of rise, as during the time of
descent the average of projection will be the same. Let a be a slope angle of velocity
to the horizon at a time ¢ from the start of flight, then the desired average value
has a form

1 i i d
1 gdt
. 2
(@) = any) = 7 [ gcos? ade = - | 20
0 0
T T
1 gdt Vg COS gt —vgsinp
o7 - 2 T arctg Vg COS -
(vo 51n<p—gt) + 1 0 2 0
V(g COS ¢
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g cos g cos @
= . tg 0 — tg(—t = —. 48
g | (retgd —are g(—tgy)) = = — ” (48)

Equating final expressions (47) and (48), we obtain after cancellation of gctg ¢
an equation

1
cos

—1=0. (49)

This is a transcendental equation, so we can solve it only by numerical methods.
To determine a number of its solutions in an interval 0 < ¢ < 7/2, which is of
interest to us, we will plot in fig. 13 graphs of left (a solid line) and right (a dotted
line) sides of equation (49).

1.8

1.6

12

0.6~

0.4

1.4

Fig. 13

From a draft of graph (participants of Olympiad may not use programs for
plotting, therefore, we will not try to determine an answer immediately from the
graph) it can be seen that the equation has in the interval 0 < ¢ < 7/2 the only
root near a point ¢ ~ 1, that can be found without the graph, if one notices that
cos 1 ~ cos60° = 0.5.
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In order to improve the accuracy of obtained estimate ¢ ~ 1, we will use a
method of successive approximations writing equation (49) in a form of function

1
n pu— n— = — - 1.
©n = f(Pn-1) pr— (50)

Taking as a zero-order approximation ¢y = 1, we will find the following:
¢1= f(0) ~ 0.851,

Y2 = f(ng) ~ 0.517,
¢3 = f(p2) = 0.150,

It is seen that the sequence more and more moves from the assumed position of
root, so, function (50) was poorly chosen, therefore, we will rewrite equation (49)
in another way:

1
Pn = F(@n_l) = arccos (m) . (51)

Taking as the zero-order approximation ¢y = 1, we will find the following:

p1 = F(po) =~ 1.047,
p2 = F(p1) =~ 1.060,
p3 = F(p2) ~ 1.064,
p1 = F(p3) ~ 1.065,

Since the equality ps = ¢4 is fulfilled with the sufficient accuracy, the final
answer can be written:
¢ ~ 1.065 ~ 61.0°.

Note. We will note that the result of application of method of successive
approximations significantly depends on the selected form of writing the equation
in the form of function. If the sequence of approximate values tends to the desired
value, then they say that the method converges, but otherwise — that the method
diverges. It is described in a course of computational mathematics why it happens
like this and how to select «correct» functions.

Grading system

The expression for ([a@|) .. ...ooorii 2
The expression for [(@n)] . ... .oveoiie 5
The obtainment of zero-order approximation pga~ 1....... ..., 1

The obtainment of numerical answer ¢ ~ 1.065~ 61.0° ............... ... ..... 2
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Problem 4. Triangular plate
General formula. At first we will derive a useful general formula

FJ_ :U(I), (52)

where o is the surface density of charge of uniformly charged plate, ® is a flux
of external electric field (not necessarily homogeneous) through the plate, F| is a
perpendicular to the plate projection of force, acting on the plate from the external
electric field.

On a small piece of plate having an area dS and a charge dq = odS a force
dF'| = FE|dq acts perpendicular to the plate. An integration of dF'| over the whole
plate of area S with the use of definition of flux ® gives the stated formula:

FL:JCZFL:O'JVELCZS:O'(I).
S S

Solution of problem. We will place a test charge ¢ at the point O and write
the desired electric field as E = F'/q, where F is the force acting on the test charge
from the plate. According to Newton’s third law the same in magnitude force F'
acts on the plate from the test charge. By virtue of system symmetry of rotation by
an angle 27/3 about an axis passing through the point O and the center of plate,
the force F' is directed along this axis, from which an equality F' = F'| follows.
Taking into account formula (52), we obtain an expression

p=22 (53)
q
where @ is the flux of electric field of test charge through the plate.

We will note that the plate and the
test charge can be placed inside and on a V2
surface of the cube as shown in fig. 14.
Since 8 touching cubes with the common
vertex O completely surround the charge ¢,
the flux ® is 1/8 of total flux &y from the
charge ¢, which according to Gauss’s
theorem has a form ®y = ¢/eo.

A substitution of expression
® = ¢/(8=0) in formula (53) gives the | L ___Ne----_J-L_____
final answer:
p- 2.
880

Fig. 14



Physics. Theoretical competition. Solutions 47

Grading system
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The final answer ....... ... e 3

Problem 5. Room thermodynamics
Bagaua A. Let T3 be the temperature of internal side of window, S is an
area of window, then an equality of heat fluxes through the glass and through the
boundary layer of air has a form

T —T Ty —T;
.S = - S -
1 hl 2 h2 )
from which we obtain an equality
z1 Tl 4 22 T2
Ty=Tlo — T2 "~ _q0°C.

Eaal 2
h1+h2

The vapour will condense on the glass until its pressure will become equal to the
saturated vapour pressure at the temperature of glass. Hence we find the steady
air humidity in the room:

Pyut(T3)  286.8 Pa

= ~ 12.3%.
Pou(T1) ~ 2338 Pa %

Problem B. The required ratio we will find according to a
formula * = AQ2/AQ1, where AQ; and AQ2 are amounts of heat, which
it is necessary to bring to the dry and maximally humid air, correspondingly, to
heat by a small temperature AT. Let V' be a volume of room, v is an amount
of air in the room, R is the universal gas constant, then with the use of the
Mendeleev-Clapeyron equation (the ideal gas law) one can write the first law of
thermodynamics in a form

5 5 PRV
AQy = 2VRAT =5 7 - AT. (54)

Since the air is maximally humid, we find the vapour pressure P in the table
given in the problem statement, and a pressure P, of air is expressed as a partial
pressure:

P = Ps:(T) = 1706 Pa, P, = Py — P =98.3 kPa.

An expression for the humid air, which is analogous to formula (54), has a form

p_ 5 RV PV
AQy =5 = AT 43— AT,
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where in writing numerical coefficients it is taken into account that the water
vapour is a triatomic gas, but it is not yet taken into account evaporation of water.
From the Mendeleev-Clapeyron equation we will express a mass of vapour and its
change:

%

Am = m/(T)AT = 25 (T - Plyy(T) = Puat) AT.

o ,UJPsatV
~ RT

We will numerically find the derivative from the previous formula using the table:

Poot(T+ 1K) — Py (T — 1 K)

“ 2K

(T) =

=110 Pa/K.

Note. We will note that because of finiteness of Ax formulas of numerical
differentiation

oy _ J@+ A2) — f(@) o _ @) = fla = Aw)
HOREESE I

give different results usually lying on opposite sides of the true value, therefore, a
more precise formula for numerical differentiation is their arithmetic average:

1 (f(IJrAw) —f(x) | f(x) —f(w—Aw)> _ flz+Az) - f(z - Ax)

! — —
fw) = 2 Ax + Ax 2Ax ’
which we used in the calculation of a. It is described in a course of computational
mathematics how to choose an optimal formula for a specific function that is
especially important for higher-order derivatives.

An amount of heat, which is necessary for evaporation, has a form

uV
RT?

AQY = LAm = (aT — P)AT.

Using an expression AQs = AQ% + AQY, we will obtain the required ratio:

P, 6P  2uL
_Lla O T - P).
=% T5p T5RTE )

Each term in this formula is associated with a separate effect, therefore, for their
quantitative comparison we will calculate x step-by-step (not forgetting during a
substitution to convert the temperature to kelvins):

x = 0.983 4 0.0205 + 2.254 ~ 3.26.

Thus, the dry air cools much faster than the humid one.

Note. The first two terms add up to 1 with good accuracy, i.e., heat capacities
of dry and humid air can be considered almost the same. However, the main effect is
created by the third term responsible for a phase transition, and with an increase of
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T the value of a will rise faster, so that at one point it will be possible to altogether
neglect heat input for heating of gas compared with heat input for evaporation of
liquid.

Grading system
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