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XXVI MexaynapoHasa omuMnouana «Tylimaamga»

Exxeronuo B ntosie B cronune Pecny6maukn Caxa (Axyrna) — ropoae Akyrck — mpo-
xomuT MekyHapoaHast OIuMINa1a IKOAbHUKOB « TyiiMaanas no ¢usuke, MmareMaTuke,
nadopmaruke 1 xumun. Ojuvnuamy opranmsyer Munmcrepcrso obpazosanua PC (41)
u Cesepo-Bocrounsiii denepanbabiii yausepcurer um. M.K. AmmocoBa na 6aze dusuko-
maTemarudeckoro dopyma «Jlenckmii kpaii». B pasabie ronpl B oJuMnIuaje NpUHAMAIA
yJacTue MKOJbHUKK u3 Azepbaiimkana, Benbrun, Boarapuu, [epmanun, Kazaxcrana,
Kurasi, Keipreiscrana, Mekcuku, Mouronun, Pympiaun, CIITA , Tannanma, Typuuu, @pan-
unn, FOxnoit Kopen u, koneuno, 3 pazubix pernoHos Poccun, Bkiaouas Mocky, Cankr-
IleTepbypr, Yensionuck u apyrue ropoga. Takxke B «TyiiMaazne» peryasipHO y9aCTBYIOT
wienbl ¢c6opHOI Poccun u npu3épsl 3aKTI0YNTENHHOTO 9Tana Beepoccuniicknx omuMmua,.

CorytacHO JIefCTBYIOIIEMY MOJIOXKEHUIO OJIMMIIMAAA 10 (DU3MKE BKJIIOUaeT B cebsl JaBe
JIUTH: CTAPIIYI0 M MJIQJIIYIO. B crapieit jure NnpuHIMAIOT y4acTHe YJallluecs BBITYCK-
HOT'O M NPEJBBIIYCKHOIO KJIACCOB, a B MJAJIIEH — BCE OCTAJIbHBIE IIKOJIBHUKHU. 3aadu
crapiei JINTY 10 IPOrpaMMe U CJIOXKHOCTH COOTBETCTBYIOT MexK1yHapoiHoit (hbu3naecKoit
onmMmnuae, a 3aaaan muaamein aurn — 10 kiaaccy Beepoceniickoit onmuvmuanst. B kaxmoit
JIUTE MPOBOJSTCS JBA TYPA: TEOPETHUECKUN M SKCIIEPUMEHTAJIbHBIMN.

XXVI International olympiad "Tuymaada"

Every year in July in the capital of the Republic of Sakha (Yakutia), the city Yakutsk,
the International School Physics, Mathematics, Informatics and Chemistry Olympiad
«Tuymaada» takes place. The Olympiad is organized by the Republic Sakha’s (Yakutia)
Department of Education and North-Eastern Federal University n.a. M.K. Ammosov
on the base of the physico-mathematical forum «Lensky District». In different years
students from Azerbaijan, Belgium, Bulgaria, China, France, Germany, Kazakhstan,
Kyrgyzstan, Mexico, Mongolia, Romania, South Korea, Thailand, Turkey, the USA
and, of course, from different regions of Russia, including Moscow, Saint-Petersburg,
Chelyabinsk and other cities, took part in the Olympiad. Also members of Russian
national team and prizewinners of final stage of All-Russian Olympiads regularly
participate in «Tuymaadas.

According to current regulations, Physics Olympiad includes two leagues: senior league
and junior league. Students of graduation and pre-graduation classes participate in senior
league, all the other school students — in junior one. Senior league problems correspond
in programm and difficulty to those of International Physics Olympiad, junior league
problems — to those of 10th class of All-Russian Olympiad. In each league two rounds
are held: theoretical one and experimental one.
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Maagmas jgura

3anmaya 1. [lnaBaroiue 1mapsbl
JlBa OZHOPOAHBIX IMapa, UMEIOIINe OJUHAKOBBIN auamerp D m miaoTHOCTH pf
" P2, COEIUHEHBI HEBECOMOI HEPACTSKUMON HUTBHIO JIUHON L ¢ IJIaBatOT B TOJIIIIE
KHUIKOCTH, IJIOTHOCTD p KOTOPOM 3aBUCUT OT IJIyOUHBI IOTPY2KeHUs h 110 hopmyie
p = po(l + kh). Haitnure roy6unst hy u hg, Ha KOTOPBIX PACHOJIOKEHBI [IEHTPLI
IaPOB, U CUIYy HATAKEHUS 1 HUTU B HOJIOXKEHUU DABHOBECUS.

3anauya 2. Kosebanus Ha ABYX HNPYKHUHAX
JlBe onuHaKOBBIE JIEMKUE MPYKUHBI TPUKPEIJIEHbI K MajieHbKoMYy Ipy3y. OjHa
73 MPYKUH BTOPBIM KOHIIOM IPHUKPEIJIeHa K IOy, a JIpyras — K MOTOJKY. B mo-
JIO’KEHIN PABHOBECHSI 006€ MPYKUHBI BEPTUKAJIBHBI U CUIBHO pacTanyThl. Haiinnre
OTHOIIIEHNE TIEPUOJIOB MAJILIX BEPTUKAJIHHBIX U TOPU30HTAIBHBIX KOJIEOAHUI IPY3a.

3amaua 3. Ucnapenune Jjbaa

3umoit B dAxyrunm odeHb xoJi0nHO. KakoBa MOJISIpHAsT TEIIOTa UCHAPEHUs!
abna Ly mpu Temneparype Ty = —50°C? M3BecTHBI cireyioniue CupaBOYHbIE JTaH-
HBIE: CPEJIHSIST MOJIIPHAsI TeIIO8MKOCTh Jbna ¢; = 35 Jxk/(momb - K), cpennsis
MOJISIPHAST TeMJIOEMKOCTh BOJIBI ¢2 = 75,6 [Tk /(Moub - K), Monsipaast Temiora mias-
senus jbaa L1 = 6 k/x/Mons npu Temneparype 17 = 0°C, mMossgpHas Temsora
ucnapenus Boabl Lo = 41 kI /Momab npu Temueparype To = 100°C. Bee nporneccest
PACCMATPUBAIOTCS TPU HOPMAJIHHOM aTMOC(hEPHOM TABJICHUH.

3anaua 4. Kongunuonep

Jlerom B dKyTCKe 0ueHb Kapko. Korma mHéM TeMiepaTypa Ha YIIHUIE JOCTATAET
T1 = 40°C, konaunuonep noTpebser 3aeKTpudecKyo Mommuocts P = 1 kBr. Ka-
KYIO MOIIHOCTD Po moTpebiisier KOHIUIMOHED HOYbIO, KOTJIa TeMIIepaTypa Ha, YIIHIEe
ymenbInaercs 710 To = 30°C? Konaumuonep moiiep:KuBaeT B IOMEIIEHUH TTOCTOSTH-
myio Temneparypy 1o = 20°C u paboraeT ¢ MAaKCHMaJIbLHO BO3MOXKHOM 3 dekTns-
HOCTBIO. DJIEKTPOMOTOD KOHJIUIIMOHEPA PACTIOJIOKEH CHAPY KU MOMEIEHIUS U NMEET
KIII n = 80%. Mom#OoCTh OTOKA TEIIa BHYTPDb NOMENIEHNsT Ye€pe3 CTEeHKHU IPO-
MOPITMOHAIbHA PA3HOCTH TEMIIEPATYD CHAPYYKU U BHYTPH.
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3anmauya 5. Iloaypacnaz jsamMmouexk

Tupasinga cocront m3 6OIBIIOrO KoaudecTBa N OJIMHAKOBBIX JIAMIIOYEK, TOJI-
KJIIOUEHHBIX [TapaJlJIeJIbHO K UCTOYHUKY, BBIIAIONIEMY OCTOSTHHOE HampsizkeHue U,
[Ipyr KOTOPOM KaxKJiasi JIAMIIOYKa UMeeT comporuBiieHne R u cpok ciayxosr T. Ka-
KO€ KOJIMYECTBO SHEPruu () moTpebuT rupJisHia, eCiau €€ BKJIOYATh U OCTaBUTH
paboraTh JI0 TEX MOP, TOKA HE MEPETOPST BCE JIAMIIOUKA !

ITpumeuanmne. [Tox cpokoM CI1y2KOBI TOIPA3YMEBACTCS BPEMsI, 38 KOTOPOE JIAM-
[IOYKa IIePeropaeT Wjn He Ieperopaer ¢ 0JIMHAKOBON BEPOSITHOCTHIO.

3agaya 6. MarHUTHBIA CIIy THUK
Yacruma Maccoil m W 3apsioM ¢ CTajia HA3BKUM SKBATOPUAJIBHBIM CILy THAKOM
mradeThl Maccoit M u paguycom R 6e3 armocdepst. [eorpadpuyeckne u MarHuTHbIE
[TOJTIOCA TIJIAHETHI COBMAJAIOT, YIJIOBAasi CKOPOCTH €€ BpAIlleHUs BOKPYT CBOeil och
paBHa w, a UHIAYKIMA MATHATHOIO TI0JIsI Ha 9KBaTope paBHa B. Haiinure mepuon T
obpallennst YaCTUTIBI-CIIy THUKA B CUCTEME OTCYETA IJIAHETHI.

3amauya 7. [iryGuHa pe3kocTu

O6bekTuB auamerpoM D = 1 cM u GOKyCcHBIM paccTosiHreM f = 2 cM Jaér
Ha IUIEHKEe MaKCUMAJILHO Pe3KOe M300pakKeHue IIpeMera, PacloIOKeHHOIO Ha Pac-
crosiaum a 0T 06bekTuBa. Ha Kakux paccTogHusX (YKAXKUTE Amin ¥ Gmax) PACIIOJIA~
raloTCs PeIMeThl, KOTOPBIE Ha TOM K€ KaJpe OKa3aJiCh N300ParKeHbI JI0CTATOYHO
PEe3KO, ecyiu pa3Mep 3epHa TUIEHKU (MU TIHKCEIst, eciu Obl 9T0 Ob11 1udpoBoit dho-
roarmapar) paser d = 10 mxm? [IpoBeaure pacuéTsl 1jist ABYX JaCTHBIX CJIYYa€B:
a1 =12 M u as = 60 M.
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Crapmag Jjara

3amaya 1. [lnaBaroiue mapsbl
JlBa OZHOPOAHBIX IIMapa, MMEIOIHe OJUHAKOBBIN nuamerp D m miaoTHOCTH pf
U p2, COEIUHEHBI HEBECOMOI HEPACTSXKUMON HUTBHIO JIUHON L ¢ IJIaBaiOT B TOJIIIIE
JKHAJIKOCTH, IJIOTHOCTH P KOTOPOH 3aBUCUT OT IVIyOUHBI IOrpy2KeHns h 110 popmyiie
p = po(l + kh). Haitnure roy6unst hy u hg, Ha KOTOPBIX PACHOJIOKEHBI [EHTPHI
IAPOB, U CHJIy HATsKEHUS 1 HUTU B MOJIOXKEHUU DABHOBECHUS.

3anmaya 2. Tpenue mo MakCuUMyMy

TopusonTaspHas IJI0CKOCTH Pa3iesieHa Ha JBe MOJIYIIOCKOCTH — [VIAJIKYIO U Iie-
poxosaryto. O HOPOHAS JUHEHKA MacCOil m U JIMHON L, CKOJIb3UBIIAst CO CKOPO-
CTBIO Vg IO IVIAJKON YacTU BAOJDb NPAMOMN, NEPHEHAUKYJISAPHON IpaHuIe pasiesa,
Hae3KaeT Ha IIepoXoBaTyIo J9acTh ¢ Kodddunmentom Tpenus p. Haiinnre mak-
CUMAaJIbHBIA MOIYIb MOUTHOCTH Npax CHJIBI TPEHHUS, TEHCTBYIONUIEH HA JMHEHKY,
U MOMEHT BPEMEHU fmax, KOTJA OH JOCTUrAETCH, CUATad OT Hadasd HepecedeHnsd
JIMHEHAKOM I'DaHUIbI MEXKJY HOJIYILJIOCKOCTSIMHU.

3anmaya 3. Boga u map
B xkécrrom cocyme HaxoauTcs BOJa Maccoit mg = 11 T U e€ HACHIIEHHBIHA
nap maccoit m = 10 r npu Temneparype T = 100°C. Haiinure 0611yio Temmoém-
koctb C cucremsl. IIpu Temmeparype T’ M3BeCTHBI yjiesIbHAS TEILTIOEMKOCTD BOZBI
¢ = 4,2 kIIx/(kr - °C) u yzenpHas TemwioTa ucnapesus Boasl A = 2,3 MJ/Ix/kr,
a MaJible OTHOCHTeJIbHbIe u3MeHenus nasienust AP/ P u remneparypst AT /T Ha-
CBILIEHHOTO Hapa ¢Bst3aHbl cooTHoenneM AP/P = aAT /T, rne o = 13.

3anaua 4. CujioBasi JIMHUSA
B mekoropoii Touke A, HaxXoAsAIIEHCs Ha GOJBIIOM PACCTOSIHUNA OT OJHOPOIHO
3apAKEHHOIO0 OTPe3Ka JJIMHOM L, BEKTOP HANPSXKEHHOCTH JIEKTPUIECKOTO IOJIS
obpasyer MaJIbIil yIoJI (v ¢ TPsIMOiA, TapaJuTeIbHOM oTpe3Ky. Haiiaure paccrosinue x
MEKJIy OJMKAMIIIM K TOYKEe A KOHIIOM OTPE3Ka W TOYKOW MMEPEceYeHrsi OTPE3Ka
¢ CUJIOBOI JIMHUEl, TPOXOIsIeil Yepe3 Touky A.
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3agaya 5. MarHuTHBIA CIIy THUK
Yacruna Maccoit m u 3apsiJioM ¢ CTajia HU3KAM 9KBATOPUATHHBIM CIIY THIHKOM
mwraHeThl Maccoit M u pajmycoMm R 6e3 armocdepst. [eorpaduyeckne u MaraHuTHbIE
[IOJTIOCA TIJTAHETHI COBIIAJIAIOT, YIVIOBasi CKOPOCTh €€ BpAIEeHHUs BOKDYT CBOeil ocu
paBHA w, & MHIYKIMA MACHUTHOI'O [I0JIs Ha 9kBarope pasHa B. Haitaure nepuom T
obpalreHnst 9aCTUIbI-CIIy THUKA, B CUCTEME OTCUYETA [JIAHETHI.

3anma4da 6. Iiry6buna peskocTu

O6bekTuB auamerpoM D = 1 cMm u QOKyCHBIM paccrosiHreM f = 2 cM Jaér
Ha IJIEHKE MaKCUMAJIHHO PE3KOe M300pazkKeHue MpeMeTa, PaCoI0KEHHOTO Ha Pac-
CTOSTHUY G OT 00beKTHBa. Ha KaKuX pacCTOAHUSIX (YKAKUTE (min U Gmax) PACTIONA-
rajoTcd IpeaMeThl, KOTOPBIE Ha TOM 2Ke Ka/JIpe OKa3aJnCh N300PaKeHbl T0CTATOIHO
PE3KO, el pa3Mep 3epHa [JIEHKU (UM MUKCeNIsd, eciid Obl 370 6bL1 1udpoBoit dho-
roammapar) paser d = 10 mxm? [IpoBeaure pacuéTsl 1jist ABYX JaCTHBIX CJIYYaeB:
a1 =12 mu as = 60 M.

3amaua 7. Kosebanust Ha cBeTy

Tonukocrennsbrit nunHap paguycom R = 10 cM u3 Marepmaja ¢ MOBEPXHOCTHOM
nioTHOCTRIO 0 = 80 r/M? TIo/BeIeH 3a NeHTP OCHOBAHUS HA OUeHb TOHKOH HETH
B BaKyyMe M HAXOJUTCS B IMIAPOKOM TOPU30HTAJIHLHOM IIOTOKE CBETa WHTEHCUBHO-
crpio I = 1 kBr/m?. BokoBas HOBEPXHOCTD IUJIMH/IPA Pa3/iesieHa Hapaslie bHBIME
OCH IIMJIMHJIPA OTPe3KaMU Ha JB€ IOJOBUHBI, O/THA U3 KOTOPBIX OTPAaXKaeT BeCh Ia-
Jaromuit ceer, a Bropas — mnoryomaer. Onernte nepuoy T MajbIX KPYTHJIBHBIX
KoJIebaHmi IUIMHIPA C aMILTUTYA0H ¢ = 0,12.
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BosmoxkHbIe peaieHmnAd

Muaaamast jaura

3amaya 1. IlnaBaroiue 1mapsbl
VeioBre mIaBaHus B TOJIIIE KUJKOCTH O3HAYAET, ITO IAPHI [IOTPYKEHBI TEJIH-
KOM M HE€ KaCalTCd IHa. B CI/IJIy JIMHEMHOCTU 3aBUCUMOCTHU IIJIOTHOCTH 2KHJKOCTH
OT IVIyOMHBI M CHMMETPUYIHOCTH IIapa, JeHCTBYIONas Ha Hero cuiia Apxumesa naxke
B HEOZHOPOIHON KUIKOCTH MMEET MPUBBLIYHBINA BUI:

m
F=pVg= gng3,

e p — IJAOTHOCTh YKUJIKOCTH Ha YPOBHE IEHTPA mapa, V — 06bEM mapa.
CuepBa Haii/IEM IJIyOMHBI 1 U X2 IEHTPOB IMAPOB B MPEJIOJIOKEHUH, UTO 1A~
PBI HE CBsA3aHBI HUTBIO. I/I3 yCJIOBI/IH PpaBHOBeCU:A (ypaBHeHHH JJId CHJIbI TAXKEeCTH
u cuabl ApxuMesia) clieflyeT PABeHCTBO IJIOTHOCTEH Iapa W XKUIKOCTH HA YPOBHE
€ro LEeHTPAa:
pr=po(l+kx1) m  pz=po(l+kas),

OTKY/1a II0JIy4aeM BbIPpazKeHUs

L (p1 L (p2
T = —— u To=—|—— .
k\ po k \ po
Haiinenubie £1 u T2 OyayT paBHBI HICKOMBIM hi U hg, €Ciii B 9TOM MOJIOKEHUN
HWUTb He HATSHYTA, TO €CTh ecau |r; — T2| < L + D, 9T0 paBHOCHIBHO yCJIOBUIO

lp1—p2| < k(L+D)po. B npoTuBHOM Cilydae IPUMEHUM TOT Ke HOAX0 (PaBEHCTBO
[UIOTHOCTEH) JJIsi HAXOXKIeHUs TUIyOUHbI hy CepeIHbI HATSHYTOH HUTH:

P1+ P2
2

1 (pitp2
hp==-|———-1]).
’ k( 2po )

Wckomble 110/102KeHMsT TIEHTPOB MAPOB HAMIEM M€OMETPUIECKIA:

1 L+D
hlzzhoiAh:—<—pl+p2—1)i—+ )
’ k 2p0 2

= p()(l + kho),

OTKY/Ia MOJIyIaeM (POPMYITy

rie Ah — paccTosiHue OT CepeIrHbI HUTH JI0 IEHTPA JII000ro mapa, a BHIGop 3HAKA
3aBUCHUT OT TJIOTHOCTH TMAPA: JJIst TIXKEJIOTO — ILIIOC, & JIJIsl JIEFKOTO — MUHYC.
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Cuity HaTs>KEHUSI HUTU HARJIEM M3 YCJOBUsI PABHOBECHUsI OJIHOTO U3 IIAPOB, Ha-
puMep, BEPXHETO:

T = po(1 + k(ho — Ah))Vg —min(p1; p2) - Vig =

L+ D — —
20 (/)124-/)2 _k + )Vg_PH-Pz p1 p2|Vg:
Po 2 2

™
=220 (Ior = pal = L+ D) ).

OrmMernM, 9TO BhIpazKeHUe B IOCJeIHEH mape 6OIbIIMX CKOOOK 3aBeJOMO HEOTPHU-
[ATEJHHO B PACCMATPUBAEMOM CiIydae, Korua |p1 — p2| = k(L + D)po.
Takwum 06pa30M, OKOHIATEJIHHBIH OTBET UMEET BUJI:

e ecmu |p1 — p2| < k(L + D)po, To

1 (p1
=— (2 -1
& k(ﬂo )’
1 [ po
hQ_k(p() )
T

e ecm |p1 — p2| = k(L + D)po, To

1 [ p1+p2 L+D
1 k( o )+ 5 sign(p1 — p2),
1 [ p1+p2 L+D
2 k( o )+ 5 sign(p2 — p1),
s
T — 1—gD3<|p1 — pa| — k(L + D)p()).

ITpumeuanne. Hanmomuanm onpesesienne hyHKIMNA «3HAKS :

0, ecu z = 0;
sign(z) =¢ 1, ecmm x> 0;
-1, ecamn z < 0.

IIpumepras cucmema oueHuBaHUSA

Buirog, popmysisl mjist cuiibl ApxuMeia B JaHHON HEOHOPOIHON YKUJKOCTH . . . . . 1
TIpUMEHEHNE YCIIOBUS PABHOBECHIS « -« « v ettt evetetaseteeeae et eeeansenennnennn 1
Cpasrenne |p1 — p2| w0 k(L + D)po 1Jist BBIGOPA CILYIAS . « . e vvveeaeneenne e 1
OTBET JJIT A B TIEPBOM CIIYTAL . .« e ettt et eee et et et e et et e e e e 1
OTBeT JJISL g B TIEPBOM CILYTAE « o v v e e eee et e et e e e e et e et e ee e eae eaas 1
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OTBET JJISE T B TIEPBOM CILYTAC « « + v e e et ete e et et ete e eet e e e et eeeeaeeeene cnens 1
OTBET JJIST A7 BO BTOPOM CITYIAL « « + v e tvet et ee et eeeeeeeeeeaeaeen e 1
OTBET [T A2 BO BTOPOM CITYTAL -+« v evv et eteee et eee e et et e e aeen e 1
OTBET TSI T BO BTOPOM CILYTAC -+« « v v e teeeete et et et e eeee e eeeeeieeene e 2

3anmauya 2. Kosebanusa Ha ABYX HPYKHUHAX
[Iycrs k — KECTKOCTD KaXKIOH MPYKUHDI, TOT/Ia BO3BPAIIAIONIAs CUJIa IPU Ma-
JIOM BEPTUKAJBHOM CMEINIEHUN Y TPy3a UMEeT BU/I

Fy = 2ky.

IIycrs m — macca rpysa, T — cuita HaTsIKeHHsT HUXKHEH IPYKUHBI B [TOJIOYKEHUN
pasuoBecust, rorna N = T + mg — cuia HaTsKeHus BepxHeil upyxunsl, 1 = T'/k
u lo = N/k — niuHBL IPYZKUH B HOJIOYKEHUN DABHOBECHUSL.

IIpu MajoM ropu30HTAILHOM CMEIEHNN & TPY3a JJIUHBI IPYKAH [OYTH HE Me-
HSIOTCS, HO U3-3a U3MEHEHUs HAIIPABJIEHUS CUJI TIOSIBJISIETCS BO3BPAIIAIONIA CUIA:

Fo=T- 24 N.Z _ ok
I s

W3 pasencrsa F, = F), cienyeT paBeHCTBO MEPUOJOB MAJIBIX BEPTHKAJJIbHBIX
U TOPU30HTAJIBHBIX KOJIe0aHUIt IPy3a, TO €CTh NCKOMOE OTHOIIEHNE PABHO €IIMHHUIIE.
IIpumepras cucmema oueHUBAHUSA

Boipaxkenue 11 BO3BPAIIAIOMIEH CHIBL TI0 BEPTHKAIIH « « « v v v vveveeeeeanen ovnns 2
Boipaxkenue 11 BO3BPAIIAIOIIEH CAIBL TI0 TOPUBOHTAIIM « v v e vveeseveeneane ovnns 4
0 <1 4

3anauya 3. UcnapeHue Jbaa

HamomuuMm, 9T0 CKpPBITOM TemIoTol (ha30BOro mepexojia Ha3bIBAETCH U3MEHe-
HUEe BHyTpeHHei sHepruu (6e3 yuéra paborsl) npu dazosom nepexoze. CKPHITYIO
TEIJIOTY IIaBJIEHUA U KPUCTAJIJIN3allu MOZKHO CHUTATh paBHOﬁ O6bI‘{HOﬁ, TaK KaK
U3-3a MAJIOrO PA3JIMdusl IJIOTHOCTEH TBEPION 1 KUJIKOH (a3 (1 HOTOMY MAJIOro u3-
MeHeHUsI 00bEMa) MOYKHO TpeHeObpednh paboToll 0 CPABHEHUIO ¢ U3MEHEHNEM BHYT-
penHeit sHepruu. B mporecce ucnapeHust MJIOTHOCTb U 0O0bEM BEIIECTBA N3MEHSIIOT-
Csl 3HAYUTE/IBHO, [I09TOMY IIpeHebperaTh paboToil y2Ke HeJIb3si, HO JIJIs YIIPOIIEHMST
eé pacdéra MOXKHO IpeHeOpedb 00bEMOM IIOTHOM (TBEPOH MiIn KuIKoii) (asbl
10 CPABHEHUIO C OOBEMOM MOJIy IUBIIETOCS Ta3a.

O6o3HaYMM Yepe3 I/ KOJUIECTBO BOJBI M 3AIUIIEM MEPBOE HAYAJO TEPMOIMHA-
MUKH JIJIsi IIPOIIECCOB UCHAPEHUsI JIbJa U BOJIBL:

vLg = Unap,T() — Uﬂé;[’TO —+ I/RT(), (1)
vLy = Unap,Tg - UBO,E[&,TQ + vRT>. (2>

Buyrpenuss smeprus siBisiercst (GyHKIIHEH COCTOSHUS, TOITOMY MOYKHO 3aIlv-
caTh IENO0YKy npeobpa3oBaHuUil:

Uﬂap,To - Un‘éA,To = (Un‘éA,Tl - Unéﬂl,To) + (UBOJIayTl - UH‘éA,Tl)"'
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+(UBO,£[3.,T2 - UBO,E[a.,Tl) + (Unap,Tz - UBo;[a,Tg) + (Unap,To - Unap,Tg) =
=vecy (Tl — To) +vlq+ VCQ(TQ — Tl) + (I/LQ — VRTQ) + VCV(TO — TQ),

rie Cy = 3R — MoJisipHasi TEIJIOEMKOCTD BOJISTHOIO TIapa [IPU TOCTOSTHHOM 00bEMe,
a BbIPayKeHWe B [IPEJNOC/eHel mape CKOGOK MOIydeHo u3 ypaBHeHus (2).

TTocsie moxcTaHOBKY 9TOH CyMMbl B ypaBHeHue (1), COKpalleHust Ha ¥ U yIIPO-
IIEHUST HAXOJIUM UCKOMYIO BEJIMUUHY:

Lo=ci(Th —Tp) + L1 + co(To — Th) + Lo — 4R(T> — Tp) = 51 kK /M0mb.

IIpumepras cucmema oueHuUBaGHUSA

[TpumeHenHre IEPBOIO HAYAIA TEPMOJIMHAMITKI « « « .« et oveeeeeeaeeeaeeennee vaenn 1
PaccMOTpEeHNE HATPEBAHUST JIBIIA -« ¢« v v v vttt et e e et et e e e ae e e e 1
PaccMOTpeHrne TIABIEHIST JIBITA .« ot v vttt et et et e e e 1
PaccMOTPEHNE HATPEBAHUST BOIBL « .« e vt te ettt eee e eeeeeee e eeee aaeae 1
PaccMOTPEHNE MCTAPEHUST BOIBL . .« . .t vttt et et et e et et e eee e e 1
PaccMOTPEeHNE OXTAKICHUS TTADA -« ¢ vt ee ettt et et ettt ae aeeae 1
V4aér pabOThI IPUA UCTAPEHUT JIBIIA .+ -« ¢+ e ve e eeeeetee et te et e ateeaeeee e e 1
V4aér pabOThI IPUA UCTAPEHUT BOIBL « .« ettt etteete et eae et e enee vaens 1
OTBET B OOIIEM BHIIE . «  « e vt ete et e et tet e et e et e et et e e e et e e et e e 1
B () (7212050 0 0 =<' M PP 1

3anaua 4. Kongunuonep

VKazaHue Ha MaKCAMAaJIbHO BO3MOXKHYIO 3 (DEKTUBHOCTH KOHIAITAOHEPA, O3HA-
gaeT, 4YTO ero MOXKHO CYATATL WUJIeAaJbHON XOJIOAWJIbHONM MAaIlIMHONU (pa60Tanme1‘/’1
no nwkay KapHo), n Hukak He cBsi3aHo ¢ KIIJ[ ero s/eKTpomMOTOpa, Tak Kak
OHH OIMCHIBAIOT Pa3HbBIE MIPOIECCHI: XOJIOAMIbHBIA KO(DMUIMEHT MOKAa3hIBAET, Ha-
CKOJIBKO 9 (DEKTUBHO HCIOJIb3yeTCs MEXaHUIeCcKas paboTa i epeaady TerLio-
o1, a KII/] s/1eKTpoMOTOpa MOKa3hIBAET, HACKOJIBKO 3(M(MEKTUBHO mpeobpasyercs
9JIEKTPpUYIECKasi SHEPIUsl B MEXAHUIECKYIO PabOTy.

IIycts AT — pasHOCTb TeMIepaTyp CHAPYXKU W BHYTPHU MOMEIICHUs, TOTIA
MOIITHOCTh MMOTOKA, TEIJIa Ye€pe3 CTEHKU IMOMENIEHNsT UMeeT BUJ,

q-‘r:k'ATv

rae k — HEKOTOpad KOHCTaHTa. HyCTb P — HOTp€6J'I5{€MaH KOHJIUITMOHEPOM 3JICK-
Tpu4decCKasd MOIIHOCTD, TOT'ZIa MOITHOCTDH OXJIaKJAEHUA UMeEeeT BUJL

q-=z-n- P

rie ¢ = To/AT — xonomunbHbLi Koahdurment st mukia Kapso.
W3 ypaBHennst TemioBoro basanca g = g— nojydaeM hopMymy

 kAT?

P
nTo

b
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OpuMeHdd KOTOPYIO AJId JHEBHBIX M HOYHBIX JaHHBIX, BBIBOAUM IIPOIIOPIUIO

P, AT}
P, AT?

U3 KOTOPOIi cjielyeT OKOHYATeIbHBIN OTBET:

(Ty — Tp)?
Py=-———.P =250 Br.
2 (Tl_T0)2 1 T

ITpumeuanne. 3amernm, aro KIIJI smekTpoMOoTOpa SIBISETCS JIAITHUM JTaH-
HBIM, IPU3BAHHBIM OTBJIEYb BHUMAHUE OT XOJIOAMJILHOTO KOI(hDUIMEHTa, a KBaJI-
PATUYHYIO 3aBUCUMOCTD MTOTPEOJISIEMON MOITHOCTH OT PA3HOCTU TEMIIEPATYP MOXK-
HO OOBSICHATH Ka9eCTBEHHO: C POCTOM Pa3HOCTH TEMIIEPATY]P, BO-IIEPBBIX, PACTET

[IOTOK TEILIa 9epe3 CTEHKH, & BO-BTOPBIX, IagaeT 3(PPEeKTUBHOCTD KOHIUITHOHEDA.
IIpumepras cucmema oueHu8aHUA

VPaBHEHUE TEITIOBOTO DAIAHCRA + « « « v v v vt et et eeeee et e eae e eeeeneeaeenniaens 1
BroipazkeHue J1j1st MOITHOCTH OXJIAZKIECHIIS « « « « v v v v v v eeeeaeeeeeeenneenneennnns 1
Popmysa XOA0IUIBHOTO KO3 durmenTa, it uKaa KapHOo .. ...t ool 3
OTBET B OOIIEM BIIIE . « « « « vt eeteeet e e et e e et e ettt e et e et e et e ae e aee e 4
HUCTEHHBII OTBET « .+ v vttt ettt ee e e e et e e et e e e e e et e e et e et e eaeen s 1

3anauya 5. Iloaypacnazn jsamMmnovuek
JlaHHOE B yCJIOBUU OIIpe/iesIeHIe CPOKa CIIYXKOBI IT0 CYTH COBIIAJIAET C OLpeiesie-
HUEM [ePUo/Ia Oy PACIaia, MOITOMY € YIETOM OOJIBIIOrO N3HAYAIBHOTO dncia [N
MOKHO 3aIACATh 3aBUCUMOCTDb OCTABIIErOCs KOJUIECTBA N JIAMIIOYEK OT BpeMeHn ¢
110 AHAJIOTMU C 3aKOHOM Da/IMOAaKTUBHOI'O PACIIajia:

n=N.27tT,

IIpumeuanue. [Tomygennasie mo 31oit hopMmyste ApoOHBIE 3HAYEHUS 1 HE IIPO-
TUBOpEeYAT (PU3UIECKOMY CMBIC/IY, TaK KaK XapaKTEPU3YIOT CPEJIHEe OXKUIAeMOe
(a He TOUHOE (DAKTHUIECKOE) KOJIUIECTBO OCTABIINXCSI JAMIIOUEK, KaK ¥, HAIIPUMED,
dpasza «cpenHee KOJUIECTBO JIeTEll B CEMbE PABHO JIBYM C MOJIOBUHON» HE O3HA-
YaeT, 9TO €CTh XOTs ObI OJIHA CeMbsl ¢ APOOHBIM ducioM jereit. ) [Ipu Gobumx
KOJIMYECTBAX BEPOSITHOCTHBIMU 3aKOHAMHU MOXKHO MOJIb30BATHCST KAK TOYHBIMU.

O061ast MOIHOCTD TUPJISTHJIBI 3aBUCUT OT BPEMEHHU:

U NU?
Y L 9t/T

P:—- —
R "T R ’

IO9TOMY JJIA HAXOXKICHUA Q HYZ>KHO B34Tb MHTETPAJI:

NU2 [ NU2T ©  NURT
JQ—t/Tdt: _ ‘2—t/T _

Q:JPdt: RIn2 , RI2’

0 0
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IIpumeprasn cucmema oUeHUBAHUSA

BABHCHMOCTD T0{F) .+ o vttt ettt et ettt 3
Dopmysa 115 MOITHOCTH OJHON JIAMITOTKEL « « e vt vvveeteveeteeeenaenans o 1
Dopmyia 1151 00IIEH MOMIHOCTH THPJISTHIBL . « oot vvveeteeveteeteeeeenaen e, 1
3anuch ONPEIETEHHOTO HHTEIPAIIA . .« . vt ettt et eetee et et eaeen o 2
O TBET . oot 3

3agaya 6. MarHuTHBIN CIIy THUK

W3 ycnoBust coBrajiennst reorpaduaecKnx 1 MArHUTHBIX [TOJIIOCOB TIJIAHETHI U JIO-
TUYHOTO MIPEJIOIOXKEHUSI O €6 CUMMETPUIHOCTU CJIEIYET, 9TO MHIYKIUAS MarHUAT-
HOTO TOJIsT Ha 9KBATOPE HAIPABJIEHA BIOJb MepUANAaHOB. [IycTh v — CKOpOCTH 4Ya-
CTHIIBI, TOTa Ha Heé neiictByer cuia Jlopenna Fy = quB BHoJb pajuyca, a KylIa
UMeHHO (K IEHTPY WM OT [EHTPA IUIAHETHI) — 3ABUCUT OT IIOJIOYKEHUSI HOJIOCOB,
3HAKa 3apsia U HAIPaBJIEHUs CKOPOCTU YACTHUIIbI, TOTOMY OyJIeM CYATATh CKO-
POCTH ¥ MOJIOXKUATEJBHOM, KOTa cuia JIopeHma AeiicTByeT K IeHTPY MJIaHEeTHL.

SanuieM I 9acTUlpl BTopoit 3akon Huiorona ma = Fy + Fp, noacraBus
B HEro BLIPAyKeHHe I MeHTPOCTPEMUTETHLHOIO YCKOpeHns a = v2 /R u jjist Cumbl
IPABUTAIMOHHOTO MPUTAYKEHHs JaCTUIb K mianere Fy = yMm/R%:

2 yMm

v

ITpuBeném 310 KBagpaTHOE YPABHEHUE K CTAHIAPTHOMY BUJLY

o ¢BR yM
vP— —uv—— =0
m R
" HafJEM ero KOpHH:
gBR ¢?*B2R? M
+ s+ —-

2m 4m R

Ilpumeuanue. B cuny orpunaresbHOCTH CBOOOIHOTO YjI€HA B MPUBEIEHHOM
KBaJIDATHOM yPaBHEHWHM MOXKHO OBLIO MO Teopeme Buera 3apaHee yTBep:KIaTh,
9TO OHO OyJIeT MMEeTh JBa KOPHSI PA3HBIX 3HAKOB, YTO HOJHOCTHIO COMVIACYETCS ¢ (DH-
BUYECKUM CMBICJIOM: 9aCTHUIIA MOYKET JIBUTATHCSI B IPOTUBOTIOIOKHBIX HAIPABJICHH-
SIX € PA3HBIMU [0 MOJYJIIO CKOPOCTSIMU (M3-38 M3MEHEHUsT 3HAKA CHUJIBI JIOpeHria).

st mepexoia B CUCTEMY OTCUETa IJIAHETHI 3AIAIIEM 3aKOH CJIOXKEHUST YTIIOBBIX
CKOPOCTEH ¢ yI6TOM HEM3BECTHOT'O HAIIPABJICHUS BPAIIECHUS IJIAHETHI:

v =

b

2T v
Tl

OTKY/Ia IIOCJIe YIIPOIIEHMUS HAXOIUM OTBET:
2w

gB | [#B* M|
+ — + —
w 2m 4m? + R3

T:
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B KOTOPOM 3HAKU £ MOTYT BBIOMPATHCS HE3aBUCHMO, TO €CTh JAHHOE BBIPAXKEHUE
SIBJISIETCST ODIIEH 3aIUCHIO YeTHIPEX (hOPMYI.
IIpumeprasn cucmema oueHUBAHUSA

Broipazkerue ist CHITBL JIOPEHITA « o v . v v v te ettt et eeieee e 1
BrIpazkeHue IS CHITBL TPABHTAIIHT .« « « . v e v vt e ateeatee ettt eaneeaneenn veenn 1
Bropoit 3aK0H HBIOTOHA . . ..ot e e 1
Qopmyna Jad HEHTPOCTPEMUTETBHOTO YCKOPEHIIS « « . vv v vt et et eneenn cenne 1
Paccmorpenne ByX CIydaeB JJIst MOJLYJISE CKOPOCTH « v e v vvve et eeeeene caene 1
DopmMmysia s YIJI0BOH CKOPOCTHU Yepe3 JIMHENHYIO, PAJUYC U TEPUOJT ..« . ... 1
SaKOH CJIOKEHUST YTIIOBBIX CKOPOCTEM .« « .t vttt ettt ettt et e eeae et 1
Hasmuame nByx ciaydaeB B 3aKOHE CJIOXKEHUS YIVIOBBIX CKOPOCTEHM .. ...vvuven e 1
Haumuane 3naKa MOy B 3aKOHE CJIOXKEHUS YIVIOBBIX CKOPOCTEM. ... vvuvven . n... 1
OOBIMIHiT OTBET JJIST YETHBIPEX CIIYTAEB . . e v e e veeteteaeeteeaeeteteaeneenenen caens 1

3agauya 7. [1iybuHa pe3kocTu
IIycrs b — paccrosinme OT 00BEKTHBA J0 IJIEHKH, TOJA 10 (DOPMYyse TOHKOH
JINH3bI MOYKHO HAIMCATH yPaBHEHUE

+

IS

S =
| =

Ecan m306pakeHrne TOYEIHOrO IpeIMeTa OKA3hIBAETC Ha HEOOIBITOM PaCCTOsI-
HUAW X TI€peJ WK 3a IJIEHKOH, TO Ha IJIEHKE OYIEeT 3aCBEYEHO ISITHBIIIKO, Pa3Mep
KOTOPOTO HE JIOJIZKEH IPEBHINIATh d, I9T0ObI M300parKeHne CUYUTAJIOCH JOCTATOYHO
peskuM. V3 110m00usi TPpEyroabHUKOB, 0OPa30BaHHBIX MPAHUYHBIMA JIy9aMU, [IPO-
LMIEIUMEA Yepe3 O0beKTHUB, C HCIOJIb30BaHueM Npubsmkenns d < D Haxomum
MaKCUMAaJIbHO JIOIyCTUMOE CMelleHre M300paskeHnsl U3 MIOCKOCTH TIEHKH:

T = D
IIpumeuanue. omycTuMblie CMeIIeHNs epe] U 3a IUIEHKY OKa3aJUCh OUHA-
KOBBIMU W3-3a MCHOJIb30Banus npubiamkenus d < D. Ilpu npumeneHnn momesin
TOHKOM JIMH3BI JJIs1 PACIETa PeabHOrO OOBEKTUBA HOIBITKA PA3JINIEHUs] PACCTOSI-
HU & Tepe] WK 34 [UIEHKOM ObLIa OBl IBHBIM IIPEBBIIIIEHNEM TOYHOCTH.
DopMyIbI TOHKOM JIMH3BI /ISl IPEIEJIbHO CMEIEHHDBIX IIPEIMETOB UMEIOT BHU]]

1 n 1 _ 1
Amin b-l—.f_f’
1 1 1

=

Omax b—x f

Pemmast Bce 3anucannbie YpaBHEHUA COBMECTHO, HAXOAUM OTBET:

Amin = 1+I€’ amax:ma
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rje i KPaTKOCTH BBEJECHO 0603HAYCHHE
A ad
fD’

IIpu k > 1 3HaYEeHUE Appax OYIET HE OIpeIeIeHO W OTPUIIATETBHO, YTO IPOTH-
BOpeunT (PU3NIECKOMY CMBICJY ¥ O3HAYAET, YTO BEPXHEN I'DAHUIIBI JJIs 3HAYEHUA ¢
[IPOCTO HET, TO €CTh IPeAMEThI Ha CKOJIb YT'O/IHO OOJIBIIIOM PACCTOSTHUU OYIyT U300-
PasKeHBbI PE3KO.

[Toxcrasisiss Yuc/IeHHBIE JAHHBIE, TIOJYYAEM OTBETHI JIJIsl YACTHBIX CJIyJaeB:

kl = 0767 amin = 775 M7 amax = 30 M7

kQ = 37 Gmin = 15 M, Gmax = OQ.

IIpumepras cucmema oueHUBGHUSA

ITpumMenerne GOPMYIIBI TOHKOM JIHBBI .« vttt et eetesantesenenneanennenns crens 2
ITonydenne reoMeTpUIECKOrO COOTHOIIEHUS /ISl TPAHUYHBIX JIYIeH ...\ v'v's ... 2
OTBET B OOIIEM BIIIE . « « « e« vt e eteeee e eee e e et e ettt e et e et e et e e aee e 2
YHCIEHHBIA OTBET IS TIEPBOTO CILYUAST -« « v v e eeeee et eeee et eeaeaeee aeens 2
YUHUCIEHHBIA OTBET JJIS BTOPOTO CILYIASL « v vt e eveeeeeeeeeeeeeeeieenieannnen venns 2
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Crapmag Jjura

3anaua 1. IlnaBarorue 1mapbl
CwMm. 3a1. 1 Mu1. Jarn.

3anmaya 2. Tpenune mo MakCUMyMy
Cuna TpeHHMs CKOJIBXKEHUsI TPOIMOPIUOHAIBHA J0JIe JIMHENKHU, HAXOAIIeHCs
Ha mepoxoBaroil yactu. [lycTh & — cMellieHre mepeIHero KOHIA JIMHEHKH 3a rpa-
HUILY MEXKJIy IOJIYIIOCKOCTSIMU, TOT/Ia CUJIa TPEHUsS UMEeeT BUJI,

F:,umg-%, ecyn x < L

F = umyg, ecu x> L.

Wckombrit MakcuMyM OygieT Ha mpoMmexkyTke 0 < x < L, tak Kak upu & < 0 TpeHus
emé HeT, a Upu & > L MOIHOCTH CUJIbI TpeHus OyaeT MeHble, 9eMm npu r = L,
TaK Kak npu = > L cuja TpeHus yxke He PacTéT, a CKOPOCTH TOJIHKO YMEHBIITAETCS,
IOITOMY Ciay4ail * > L MOXKHO He PacCMaTpPUBATh.

Sanwumrem BTOpoit 3akoH HpioTona:

ma = —pumg - %, OTKYJIa a—+ %x =0.

[Tosy4yennoe ypaBHEHNE COBIIAIAECT C YPABHEHUEM KOJIEOAHUI € IIUKIMIECKON Ja-
CTOTON W = 4/ ,ug/ L. Koneuno, Hukakux KoJieOaHuil JuHEKa COBEPIIATEH HE OyIIET,
OJIHAKO 3aKOH €€ JIBMKEHUs Ha PACCMAaTPUBAEMOM IIPOMEXKYTKE OyIeT TaKuM Ke,
KakK y HPYKUHHOI'O MadATHUKA, BBIBEJICHHOI'O TOJYKOM U3 IIOJIOXKEHUS PABHOBECH.

Vcnonb3ys nadaabHble 3Havenns koopauHarsl £(0) = 0 u ckopocru v(0) = vy,
3aluiIeM 3aBUCUMOCTH 3TUX BEJIMYNH OT BPEMEHU:

z(t) = xo sin wt,
v(t) = vg coswt,

rie

MO,Hy.TIb MOIITHOCTH CHJIBI TPEHUA IOCJIC YIIPOUICHUA UMEET BUJ

2
= % % sin 2wt.

N=F-v

Ot HOPMYJIbI CIPABEJIUBBL JI0 TEX MOP, MOKA HE MPOU3OUIET OIHO U3 JBYX

COOBITHI: MO0 OCTAHOBKA, JIMHEHKHM JI0 IOJIHOI'O IIEPECEYCHHS €10 MPAHUIIBI MEXK Y
MOJIYILJIOCKOCTSIMU, JIN0O MOJIHOE IepecedeHne JIMHEHKON 3TOi IPaHnIIbL.
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B nepBoM citydae, BOZHHKAIOIIEM IIPU YCJAOBUH Tg < L, 9TO PAaBHOCHIBHO YCJIO-
BUIO Vg < /gL, HaYaJIbHOE U KOHEYHOE 3HAYEHUsI MOIITHOCTY PaBHbBI HYJIIO, & MaK-
CUMyM MOIIHOCTH HabJofaercs, Koraa sin2wt = 1. OTciona HaxXoIuM 3HAYEHHE

MaKCHMyMa
N mvg  [ug
max 2 L

w | L
tmax:Z -

Hg

1 TOYKY MaKCUMyMa

Bo BTopoM ciydae, BOSHUKAIONEM IIPU YCJIOBUU Lo > L, 9TO PABHOCHIILHO YCJIO-
BHIO Vg > /gL, muHeiika MOTHOCTHIO TOKUHET IVIAJKYIO MOJIYIJIOCKOCTH B MOMEHT

BpeMeHUn
P (\/ugL>
rpan = {/ — arcsin | —— |,
Hg Yo

Vrpan = \/ V8 — pgL.

IIpu ycnoBun trpan = tmax, ITO PABHOCUIBHO YCIOBHIO Vg < +/2/tg.L, MaKcHMyM
GyIeT TOYHO TaKoi e, KaK 1 B IepBOM CJIydae, IPAIEM yeaoBue vy < /gL u3 mep-
BOIO CJIy4as IMOJHOCTBIO IOIJIOIIAETCS HOBBIM yCJIOBHEM. [Ipu oOpaTHOM yCJIOBUM
trpan < Tmax TPEXKHUA MaKCUMyM He yCIeeT Peaju30BaThCsd J0 IIOJHOIO IIepexoia
JINHEHKOW IPAHUIBI MEXKY MOJIYIJIOCKOCTSIMH, 3HAYUT, KaK ObLJIO HAIIUCAHO B Ha-
YaJjie PeleHus, MaKCUMyM OyJeT B MOMEHT trpax:

Nmax = UMy * Vrpan = mgy/vg — pgL.

Takum 06pa30M, OKOHIATEIBHBI OTBET UMEET CJIEIYIOUINN BUI:

nMmes Ipu 3TOM CKOPOCTb

muv? 7w | L
Nmax = TO %, tmax = 1 ecan vo < v/ 2ugL;

Ea

| L v gL
Nmax = umg\/vg — pugL, tmax = 4/ — arcsin (£> , €CJId nHadJe.
K9 Yo

IIpumepras cucmema oueHuUBaHUSA
Ananus nornom@aaoro cayvas vy < /gL (Tmosnydenne mpaBuiIbHOTO OTBETA
0e3 aHAJIM3a He BJIUSIONIETO HA OTBET IOIVIOMEHHOIO CIyYasi CIUTAeT-

Csl BE3EHUEM, TI09TOMY 6e3 BHOTO aHAJ/IN3a 0l HE CTABUTCS) .. vnv v.... 1
[Tosyyenne rpaHUYHOTO YCIOBUSA Vg = /2UgL ..o 1
Ot1BeT 1 Niax B CILYTAE MAITBIX U -« ¢ v et vevneeteeteeteneatentene e cennn 2

OTBeT ISt tmax B CILYTAE MAJIBIX U « + v e e v e e et e eaeeea e e et e e e e e e aee eenns 2

18 XXVI Mestcdynapodnasn osumnuada «Tytmaadas

OtBer 11t Npax B CIIYIAE OOTIBIIIIX U0« « v v v v v etveateeaeeeeeeeeaneenneenneeenns 2
OTBeT IS tmax B CILYIAE OOTIBIIIIIX V0 -« « v v v v v eveeaeeeaneeaneeenneenneenneeenns 2

3anaua 3. Boma u map
Wckomyto obmryo TermoéMKOCTb OYIeM UCKATh IO ONPEJIEIEHUIO: KaK OTHOIIE-
HUE [OJIBEIEHHOTO KOJNIECTBA TEIIOTH 0() K M3MEHEHUIO TeMiepaTypsl d1.
IIycrs V' — 06bém mapa, Torma u3 ypasaenus Menneneesa-Kaneitpona

PV =mRT,

rae p = 18 kr/kmoab — MoasipHast Macca Bouel, R = 8314 Ix/(kmous - K) —
razoBasl TIOCTOsSIHHAS, TIocse MU GepeHupoBaHus TPUXOAUM K COOTHOIIEHUIO

wVdP = RmdT + RTdm.

IMoncrasiss coma dopmyny dP = aPdT /T u3 ycioBus, nojydaeM ypaBHEHHE

dT
uVozPT = RmdT + RTdm,
OTKyZla TI0CJIe HOBTOPHOI'O HCIIOJIB30BaHUs ypaBHeHHs Mewneneesa-Kiamneipona
BbIpazKaeM [IPUPAIIEHNIE MACCHL apa:

dr

dm =m(a — 1)?

[MockonbKy cocy KécTKuil, 00bEM He MEHsIeTC U PaboTa He COBEPIIAETC, [0~

9TOMY BCE MOJBEJIEHHOE KOJIMYECTBO TEIIOTHI MJIET Ha yBeJWYEHUE BHYTPEHHeH
SHepruM (HarpeBaHue BOJBI U [Iapa U UCIAPEHNe BOJDL):

5Q = emodT + 3%RdT + Adm.

ITocsie moacTaHOBKY BBIPAXKEHUS JJIst dm TIOJIy9IaeM OTBET:

C = % —emg+ S8 Am(c} Y _ 500 /K.
Ipumepran cucmema oyeHUBAHUSA
Wcnonb3oBanne onpeieIeHusT OOIIEH TEITOEMKOCTI « .« « v v vttt vee vt eaeeaeee aeene 1
ITpumenenne ypapuenust MengeneeBa-KitameMpoOHa ... .o ovvvevvnnenneennn vunn 1
BoipazkeHue dim 9epes dl ... ... 3
BBIPAMKEHUE JTIT 00 « . v e ve ettt et e e e e e e e 3
OTBET B OOIIEM BIIIC . « « vt e e eeeeee et et e e ettt e e e et e e et e eaee e 1
RS 17 () (=72 1210 817 0o =<' M S 1
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3agaua 4. CujioBas JUHUAA

Ha puc. 1 Touka P siBsieTcs mepecedeHneM PacCMaTPUBAEMON CUIOBOM JTHHIN
u orpeska BD. Ilpumenum teopemy [aycca st 3aMKHYTOH HOBEPXHOCTH, 0Opa-
30BAHHOI CUJIOBBIMU JIMHUSIME, UCXOJANIAMUA U3 TOYKU P, U IJIOCKOCTHIO, ITPOXO-
Jsieii gepe3 Touky A nepnenaukysiaspao BD. BHyTphb 9Toi MOBEPXHOCTH MO
sapan ¢ = Q-x/L, rae (Q — 3apsy orpeska. [I0TOK BEKTOPa HANIPSIXKEHHOCTH I€PE3
IOBEPXHOCTb, OOPA30BAHHYIO CHJIOBBIMH JIMHUSIMU, BCELJIa PABEH HYJIO, TaK Kak
1oJie B KazkJIO# TOYKE TapaJlIelbHO 9TO moBepxHocTu. [lockoabky Touka A pac-
[TOJIOYKEeHa, Ha OOJIBIIIOM PACCTOSIHUU OT OTPE3Ka, MOXKHO CUUTATh, UTO [10JIe BOIU3U
TOYKH A COBIaJIAeT ¢ TOJIeM TOYEUHOrO 3apsijia, HAXOJSIIErOCsd B CEPeIMHE OTPE3-
Ka, TO €CTh MPOJIOJIKEHNE BEKTOPA HAPSIKEHHOCTU MPOXOIUT uepe3 cepeanny C'
OTpe3Ka, a B CUJIy MAJIOCTH yIvIa (¢ MOYKHO [OJIaraTh PABEHCTBO

Q

El=—
L7 Une, - AC?

BEPHBIM BO BCeX TOYKaxX Kpyra ¢ rmentpom O um pagumycom OA, OTKyna HAXOIAM
IIOTOK Yepe3 PacCMATPUBAEMYIO TIOBEPXHOCTD:

Q 2 Qa®
®=FE, 104> = ——— . 71(aAC)? = =—.
T Imey - A2 T@AC) =
Teopema ['aycca nmeer Bu
o=2
€0 ’

OTKY/1a [IOCJIe TI0/ICTAHOBKY BhIpaxkeHuit fjist @ u ¢ 1mojydaeM OTBET:

oL
xr= ——-

4

Puc. 1
Ipumepras cucmema oueHUBAHUA
ITpumenerre TeOPEMBI [ayCCa . ..o ettt i e 2
BBIPAKEHUE JTIT BAPSIA  « -« e v eeee e et et et et et ettt et et 2
Brorpazkenne it mOTOKA D . ..ot e 3
L 1 7 3
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3amaua 5. MarHuTHBIA CIIy THUK
CwM. 3aa. 6 MJI. JIArm.

3agaya 6. Ii1iybuna peskocTu
CM. 3a4. 7 MJI. JIATU.

3amaua 7. Kosnebanus Ha cBery
IIycre mmmHAp TOBEPHYT HA  MaJIblii A

YyTOJI (¢ OTHOCUTEJILHO IOJIOKEHUS PABHOBECHUSI B
(ma pmc. 2 mnokazaH BuJ cBepxy). Ilpm or-
paxkeHnu (POTOHOB WX WMILYJIbC B IIPOCKIUH ——
HA KACATeJbHYI0 K CEUEHHIO IUIUHIpA CO- I
XPAHAeTCs, IIOITOMY BPAUIAIONIEr0 MOMEHTA
He BOBHUKaeT, a NUpyh HorjomeHud (hOTOHOB
UX WMIYJhC B MPOEKIUA Ha KaCATEJbHYIO
K CEUEHMIO NWIMHJAPA [EPeaéTcsd AIAHIDY, —_
uc.

co3naBas Bparaommit MoMeHT M.

B ycnoBusix ¢ < 1 MOYXKHO CIATATD, YTO UMITYJIHC TOTJIOMIEHHBIX yIacTKOM AB
[TOBEPXHOCTU (POTOHOB HAIIPABJIEH IEJIMKOM 10 KaCaTeJIbHOMI U uMeeT miedo R 0THO-
CUTEJIbHO OcH BpaleHus nuuaapa. [lycts L — BpICOTa MJIMH/IDA, TOT/IA ILIOIIA/IH
[POEKIINH TIOTVIOMIAIONIEN TOBEPXHOCTH HA IJIOCKOCTD, NEPHEHIUKYASIPHYIO CBETO-

BOMY IOTOKY, IMEET BUJL
LRy?
S =LR(1—cosyp) =~ —2—('0

Bosspamartoriuit MoMeHT M BBIYKCIUM Yepe3 CUIy JaBJeHus F, UMIOyanc p
u suepruio E noroka ¢gpoToHoB:

E I ILR?¢?
M:F-R:p-R:—‘R:—S-R:&.
c c 2c

OCHOBHOe ypaBHEHUE JUHAMUKH BPAIaTeIbHOIO JIBUKEHUS JJIsT TAJIAHIPA Mac-
coit m = 2rRLo 1 momenToM nHeprmu J = mR? mMmeer Bux

J-¢=M,
OTKY/da IIOCJI€ IIOJCTaHOBKHU C y‘IéTOM HaIllpaBJIEHUA MOMEHTa I1I0JIy9aeM YpaBHEHUE

. ILR?
2rRLOR? - § = ——— o] -,

KOTOpPO€ OCTaJIOCh JINIIb 3alliuCaTh B HpI/IBe,Z[‘éHHOM BHUJIEC!:

I

. .o =0.
drco R el - ¢

©+



Qusuka. Teopemuuveckuti myp. Pewenus 21

TTosyueHHOE PABEHCTBO IOXOXKE HA yPaBHEHHE T'apMOHMYECKUX KOJIEOAHMIA,
HO BCE Ke UM He siBJsieTcd. Perrars Takoe HeJuHeHoe quddepeHnnaabHoe ypas-
HEeHNnEe aHAaJIUTU4YEeCKU MBI HE yMeeM, HOSTOMy BOCHOJIbByeMCH TeM, 9TO 110 yCJ'IOBI/IIO
JOCTAaTOYHO JIMIIb OIEHUTDL IIE€PUO/I. By,ILeM CYUuTaTh, 9TO KO.)'Ie6a,HI/IH 6y,ILyT 11049THU
rapMOHUYECKAMM, TOTJIA MOYKHO 3aMEHUTD |¢| Ha Kakoe-HUOY/b CpelHee 3HAYEeHNE,
HaIIPUMED, CPEIHEKBAIPATHIHOE, KOTOPOE B CJIydae MapMOHUYECKHX KOJIeOAHMUi
B V/2 pa3 MeHbIIe aMILIATYPbI g. 11ocse 3aMEeHbI TIOIYYrM ypaBHEHHE

I $o

5 o=,
SD—l_élwcch V2 ?

penrenueM KOTOPOro ABJIAIOTCA KOJIe6aHUs ¢ MCKOMBIM nepuogoMm:

2 [\2
T=—" 4 YameoR _ 3746 ¢ ~ 1 uac.
I . %o T

drcoR V2

IIpumepras cucmema oueHuUBaGHUA

KoneuHoe BbIpaXkKeHUe 111 BOZBPAIMAOIIETO MOMEHTR « « « v v v vvvvveenneenne vunns 4
YpaBHeHNE TUHAMUKNA BPAIMATETBHOTO JBUKEHIIST « v v v v oovveeeveeneeennnnns vennn 2
Tounoe nesnmneiiHoe TUGHEPEHITUATHHOE YPABHEHUE . . .« o .ve et eaeeneennenns 2
AleKBaTHAS YUCJICHHAS OLEHKA JJIS IIEPUAOIA « o v vv e eeveeereeaneeaneeannean vunns 2
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Junior league

Problem 1. Floating balls
Two homogeneous balls having the same diameter D and densities p; and po
are connected by a weightless, inextensible thread of length L and float in a layer
of a liquid, the density p of which depends on an immersion depth h according to a
formula p = po(1+ kh). Find the depths hy and ha, where ball centers are located,
and a tension force T of the thread in an equilibrium position.

Problem 2. Oscillations on two springs
Two identical lightweight springs are attached to a small load. The second end
of one of the springs is attached to a floor, and the second end of the other spring is
fixed to a ceiling. In an equilibrium position, both springs are vertical and strongly
stretched. Find a ratio of periods of small vertical and horizontal oscillations of the
load.

Problem 3. Ice evaporation

It is very cold in Yakutia in winter. What is molar heat of evaporation of ice Lg
at a temperature Ty = —50°C? The following reference data are known: an average
molar heat capacity of ice ¢; = 35 J/(mol - K), the average molar heat capacity of
water co = 75.6 J/(mol - K), the molar melting heat of ice L; = 6 kJ/mol at the
temperature 77 = 0°C, the molar heat of evaporation of water Ls = 41 kJ/mol
at the temperature To = 100°C. All processes are considered at normal atmospheric
pressure.

Problem 4. Air conditioner

It is very hot in Yakutsk in summer. When an outdoor temperature in daytime
reaches 77 = 40°C, an air conditioner consumes electric power P, = 1 kW. What
power P, does the air conditioner consume at night, when the outdoor temperature
decreases to To = 30°C? The air conditioner maintains in a room the constant
temperature Ty = 20°C and works with the highest possible efficiency. An electric
motor of the air conditioner is located outside the room and has the efficiency n =
= 80%. The power of a heat flux into the room through walls is proportional to a
difference between the outside and inside temperatures.
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Problem 5. Half-life of lamps
A string consists of a large number N of identical lamps connected in parallel
to a source supplying a constant voltage U, wherein each lamp has a resistance R
and working time 7. How much energy @ will the string consume, if it is turned
on and left to work until all the lamps will have burned out?
Note. The working time means the time, after which the lamp burns out or
does not burn out with the same probability.

Problem 6. Magnetic satellite
A particle of mass m and charge ¢ has become a low equatorial satellite of a
planet of mass M and radius R without an atmosphere. Geographical and magnetic
poles of the planet coincide, its angular speed of rotation around its axis is w, and a
magnetic induction at an equator equals B. Find a rotation period T of the satellite
particle in a reference system of the planet.

Problem 7. Depth of field
A lens of diameter D = 1 cm and focal length f = 2 ¢m produces on a film the
sharpest image of an object located at a distance a from the lens. At what distances
(specify amin and amax) are objects located, which are sufficiently sharply depicted
in the same frame, if a size of a film grain (or a pixel, if it were a digital camera)
is equal to d = 10 um? Make calculations for two special cases: a1 = 12 m and
ag = 60 m.
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Senior league

Problem 1. Floating balls
Two homogeneous balls having the same diameter D and densities p; and po
are connected by a weightless, inextensible thread of length L and float in a layer
of a liquid, the density p of which depends on an immersion depth h according to a
formula p = po(1+ kh). Find the depths hy and ha, where ball centers are located,
and a tension force T of the thread in an equilibrium position.

Problem 2. Maximum friction

A horizontal plane is divided into two half-planes - smooth and rough. A
homogeneous ruler of mass m and length L, sliding with a speed vy on the smooth
part along a straight line perpendicular to a dividing boundary, runs into the rough
part with a friction coefficient p. Find the maximum absolute value of power Npyax
of a friction force acting on the ruler and a moment of time ty,,x, when it is reached,
starting from the beginning of intersection of the boundary between the half-planes
by the ruler.

Problem 3. Water and vapor
In a rigid vessel there is water of mass mo = 11 g and its saturated vapor of
mass m = 10 g at a temperature 7' = 100 °C. Find a total heat capacity C' of the
system. At the temperature T there are known the specific heat capacity of water
¢ = 4.2kJ/(kg-°C) and the specific heat of evaporation of water A = 2.3 MJ/kg, and
small relative changes of pressure AP/P and temperature AT/T of the saturated
vapor are associated by a relationship AP/P = aAT /T, where a = 13.

Problem 4. Field line
At a point A, located at a large distance from a uniformly charged straight line
segment of a length L, an electric field strength vector forms a small angle o with
a straight line parallel to the segment. Find the distance x between a segment end,
which is the closest one to the point A, and the point of an intersection of the
segment with the field line passing through the point A.
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Problem 5. Magnetic satellite
A particle of mass m and charge ¢ has become a low equatorial satellite of a
planet of mass M and radius R without an atmosphere. Geographical and magnetic
poles of the planet coincide, its angular speed of rotation around its axis is w, and a
magnetic induction at an equator equals B. Find a rotation period T of the satellite
particle in a reference system of the planet.

Problem 6. Depth of field
A lens of diameter D = 1 cm and focal length f = 2 ¢m produces on a film the
sharpest image of an object located at a distance a from the lens. At what distances
(specify amin and amax) are objects located, which are sufficiently sharply depicted
in the same frame, if a size of a film grain (or a pixel, if it were a digital camera)
is equal to d = 10 um? Make calculations for two special cases: a3 = 12 m and
as = 60 m.

Problem 7. Oscillations in light

A thin-walled cylinder of radius R = 10 cm, made of a material with a surface
density o = 80 g/m?, is suspended by a center of a base on a very thin thread in
a vacuum and is in a wide horizontal light flux with an intensity I = 1 kW /m?.
A lateral surface of the cylinder is divided by segments parallel to an axis of the
cylinder into two halves, one of which reflects all the incident light, and the second
one absorbs it. Estimate a period T' of small torsional oscillations of the cylinder
with an amplitude ¢¢ = 0.12.
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Possible solutions

Junior league

Problem 1. Floating balls
A condition of floating in the layer of the liquid means that the balls are
completely submerged and do not touch a bottom. Due to linearity of the
dependence of the liquid density on the depth and symmetry of the ball, the
buoyancy force acting on it even in the inhomogeneous liquid has a usual form:

m
F=pVg= gngS,

where p is the liquid density at a level of the center of the ball, V' is the ball volume.

Firstly, we find the depths x; and x2 of the centers of the balls under an
assumption that the balls are not connected by the thread. From the equilibrium
condition (an equation for the gravity and buoyancy forces), equality of the densities
of the ball and liquid at the level of its center follows:

p1 = po(l+ kz1) and p2 = po(l + kx2),

from which we obtain expressions

1/ p1 1/ po
= (2 = (2 _1).
. k(ﬂo ) md o k(ﬂo )

The found z; and zo will be equal to the required h; and hs, if the thread is
not stretched in this situation, i.e. if |z; — 22| < L + D, which is equivalent to
the condition |p1 — p2| < k(L 4+ D)po. In an opposite case, we will use the same
approach (the equality of the densities) to find the depth hy of the middle of the

stretched thread:
P1+ p2

5 = po(1 + kho),

from which we get the formula

1 (pitp2
ho = — (L1224,
’ k( 2po )

The required positions of the centers of the balls will be found geometrically:

p1+p2_1)iL+D
2po

1
hl,gzhoiAh:E<

3y

where Ah is a distance from the middle of the thread to the center of any ball, and
a sign choice depends on the density of the ball: a plus is for the heavy one, and a
minus is for the light one.
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We will find the thread tension force from the equilibrium condition of one of
the balls, for example, the top one:

T = po(1+ k(ho — Ah))Vg —min(p1; p2) - Vg =

L+D —|p1 —
:p0<p12+p2_k + )Vg_p1+pz p1 szVg:
Po 2 2

g
= EDS <|Pl = p2| — k(L + D)P0>‘

We note that the expression in the last pair of large parentheses is certainly
nonnegative in the case under consideration, when |p1 — p2| = k(L + D)po.
Thus, the final answer has the form:

o if |p1 — p2| < k(L + D)po, then

1 (p1
— (2
" k(ﬂo )’
1 (p2
- (2
2 k(ﬂo '
T

o if |p1 — p2| = k(L + D)po, then

<1)1—|—pz _1)+L—|—D
2po

1 L+ D
py_ L(Pite ) L+
k 2po

hi =

- sign(p1 — p2),

el

- sign(pz — p1),

e
T= 1—gD3 <|p1 — po| — k(L + D)po).

Note. We will recall a definition of the "sign" function:

0, if x =0
sign(x) = ¢ 1, it x>0
-1, if z < 0.

Grading system

A derivation of the buoyancy force formula in the given inhomogeneous liquid. .. .. 1
Use of the equilibrium condition .......... ...t e 1
A comparison of |p1 — p2| and k(L + D)pg for the case choice ............. ..... 1
The answer for Ay in the first case ... i 1

The answer for Ao in the first Case ... e e 1
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The answer for T in the first case ... i i e 1
The answer for hq in the second case. ... e 1
The answer for ho in the second case. ... e 1
The answer for T in the second case ...t e 2

Problem 2. Oscillations on two springs
Let k be a constant of each spring, then a restoring force after a small vertical
displacement y of the load has a form

F, =2ky.

Let m be a mass of the load, T is the tension force of the lower spring in the
equilibrium position, then N = T 4 mg is the tension force of the upper spring,
Iy =T/k and Iz = N/k are lengths of the springs in the equilibrium position.

After the small horizontal displacement = of the load, the lengths of the springs
almost do not vary, but due to a change in a direction of the forces, the restoring
force appears:

Fo=T 24N Z = oa.
Iy lo
From an equality F, = Fj it follows the equality of the periods of the small
vertical and horizontal oscillations of the load, i.e. the desired ratio is equal to one.
Grading system

An expression for the vertical restoring force............ ... ... 2
The expression for the horizontal restoring force............. ...t 4
The anSWeT .. ..ottt e e e 4

Problem 3. Ice evaporation

We will recall that a change of internal energy (without taking into account
work) during a phase transition is termed as the latent heat of the phase transition.
The latent heat of melting and crystallization can be considered equal to the
ordinary one, since the work compared to the change of the internal energy can
be neglected because of a small difference between densities of the solid and liquid
phases (and, therefore, the small change in volume). In the evaporation process, the
density and volume of a substance change significantly, therefore, the work cannot
be neglected, but, to simplify its calculation, it is possible to neglect the volume of
the dense (solid or liquid) phase compared to the volume of a gas produced.

We will denote by v an amount of water and write the first law of
thermodynamics for the processes of the evaporation of ice and water:

vLy = Uvapor,To - Uice,To + vRTp, (3)

VLQ = Uvapor,Tg - UwateT,T2 + VRT2' (4)
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The internal energy is a function of a state, therefore, someone can write a chain
of transformations:

Uvapor,To - Uice,To = (Uice,Tl - Uice,To) + (Uwater,Tl - Uice,T1)+
+(Uwater,T2 - U’water,Tl) + (Uvapor,Tz - Uwater,Tz) + (Uvapor,To - Uvapor,Tg) =

= ey (Tl — To) +vlq + VCQ(TQ — Tl) + (VL2 — VRTQ) + VCV(TO — Tg),

where C'y = 3R is the molar heat capacity of the water vapor at the constant
volume, and an expression in the penultimate pair of parentheses is obtained
from equation (4).

After a substitution of this sum into equation (3), a cancellation of v and
simplification we find the desired value:

Lo = 01(T1 — To) + L1+ 02(T2 — Tl) + Loy — 4R(T2 — To) =51 kJ/mol

Grading system

Usage of the first law of thermodynamics..... ...t 1
Consideration of heating of the ice ..... ... e 1
The consideration of the melting of theice............. ... ... ..ol 1
The consideration of the heating of the water ..................... ... ... ... 1
The consideration of the evaporation of the water.............................. 1
The consideration of cooling of the vapor...............oooiiiiiiiiiii .. 1
Taking into account the work during the ice evaporation .................. ..... 1
Taking into account the work during the water evaporation ............... ..... 1
An answer in a general fOrm ...... ...t i e 1
The numerical AaNSWET .. .. ...ttt e 1

Problem 4. Air conditioner

An indication of the maximum possible efficiency of the air conditioner means
that it can be considered as an ideal cooling machine (working according to a Carnot
cycle), and the indication has nothing to do with the efficiency of its electric motor,
since they describe different processes: a cooling coefficient shows how effectively
mechanical work is used to transfer the heat, and the efficiency of the electric motor
shows how effectively the electrical energy is converted into the mechanical work.

Let AT be the difference between the outside and inside temperatures, then
the heat flux through the walls of the room has a form

q+:k~AT,

where £ is a constant. Let P be the electric power consumed by the air conditioner,
then the cooling power has the form

q- =x-1-P,
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where x = Tp /AT is the cooling coeflicient for the Carnot cycle.
From a heat balance equation g1 = g— we obtain a formula

2
p_ kAT ’
nTo

using which for day and night data, we obtain a proportion

& B AT?
P AT
from which a final answer follows:
(T — Tp)?
Py=———"".P =250 W.
p) (T1 —To)? 1

Note. We will note that the efficiency of the electric motor is the superfluous
datum designed to divert attention from the cooling coefficient, and a quadratic
dependence of the consumed power on the temperature difference can qualitatively
be explained: with an increase in the temperature difference, firstly, the heat flux
through the walls grows, and secondly, the efficiency of the air conditioner decreases.

Grading system

The heat balance equation ...........ouuuiit it i e 1
An expression for the COOlNE POWET . ... ..ottt e iee e 1
The formula of the cooling coefficient for the Carnot cycle...................... 3
The answer in the general form ............o i 4
The numerical ansSWer. ... ... e 1

Problem 5. Half-life of lamps
A definition of the working time given in the problem statement essentially
coincides with the definition of a half-life, therefore, taking into account the large
initial number N, it is possible to write a dependence of the remaining number n
of the lamps on the time ¢ by analogy with a law of radioactive decay:

n=N.27tT,

Note. Fractional values of n obtained according to this formula do not
contradict a physical meaning, since they characterize the average (and not the
exact actual) number of the remaining lamps, as, for example, a phrase "the average
number of children in a family is two and a half"does not mean that there is at
least one family with the fractional number of children. ©) For the large numbers
the probabilistic laws can be used as exact.

Total power of the string depends on the time:
= U_2 . N_U2 .9—t/T

P

R "TR °
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therefore, to find @ it is necessary to take an integral:

T NUZ T NUT *  NUT
Q:JPdt:Tsz—t/Tdt:_ Y Lo—t/T| U

RIn2 0 Rln2 "’
0 0
Grading system
The dependence n(f).......uun ettt 3
The formula for the power of one lamp ... e 1
The formula for the total power of the string.............. ... il 1
A record of the definite integral .......... ..o 2
A AIISWET .« . .ottt et e e e e e 3

Problem 6. Magnetic satellite

From a condition of a coincidence of the geographical and magnetic poles of the
planet and a logical assumption about its symmetry it follows that the magnetic
induction at the equator is directed along meridians. Let v be the particle speed,
then the Lorentz force F; = quB along the radius acts on it, and where exactly (to
or from a center of the planet): it depends on the position of the poles, a sign of
the charge and direction of a velocity of the particle, therefore, we assume that the

speed v is positive, when the Lorentz force acts towards the center of the planet.
We will write Newton’s second law ma = Fy + F5 for the particle, substituting in
it an expression for centripetal acceleration @ = v?/R and the force of gravitational

attraction of the particle to the planet Fp = yMm/R%:

2
m- % =quB + ’Y]\Rim

We will bring this quadratic equation a standard form

and find its roots:
qBR n q*B?R? n ﬂ
2m 4m? R

Note. Due to negativeness of the free term in the reduced quadratic equation it
would be possible to say in advance according to Vieta’s theorem that it will have
two roots of the different signs, which is fully consistent with a physical meaning:
the particle can move in the opposite directions with the different speeds (due to
a change in the sign of the Lorentz force).

For a transition to the reference system of the planet we will write the law of
addition of angular speeds taking into account the unknown direction of the planet
rotation:

v =

27 v
2L o+ —
T ‘w R

b
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from which after simplification we find an answer:

T 2w ’
qB ¢*B* M
+ — &+ —
YEom 4m? R3

wherein the signs 4 can be chosen independently, i.e. this expression is a common
notation of four formulas.
Grading system

The expression for the Lorentz force ............coo i 1
The expression for the force of gravity .........c.coviiiiii i e 1
Newton’s second 1aw . ... ..ot e 1
The formula for the centripetal acceleration...............ccoviiiiiiiiien vun.. 1
Consideration of two cases for the speed........ ... o .. 1
The formula for the angular speed using the speed, the radius and period . ..... 1
The law of addition of angular speeds...... ... et 1
Presence of the two cases in the law of addition of angular speeds......... ..... 1
The presence of the absolute value sign in the law of addition of angular
SPEAS . - .ttt 1
The general answer for the four cases ......... ...t et 1

Problem 7. Depth of field
Let b be the distance from the lens to the film, then according to a thin lens
formula, an equation be can written

+

SHE
Sl
|~

If the image of the point object is at the small distance x before or behind
the film, then on the film a little spot will be lit, the size of which should not
exceed d in order to consider the image as sufficiently sharp. From similarity of
triangles formed by boundary rays passing through the lens, with the use of an
approximation d < D we find a maximum permissible image shift from a plane of

the film:
_ b

ok
Note. The permissible shifts before and behind the film were found to be the
same due to the use of the approximation d < D. When using a thin lens model
to calculate the real lens, an attempt to distinguish between the distances = before
or behind the film would be an obvious excess of accuracy.
The thin lens formulas for the objects shifted to limits have forms

X

1 1 1

Amin +b+$ N ?’
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1 1 1

Amax b_w_?

Solving all the written equations together, we find an answer:
a a
Amin = H_—k» Gmax = ma
where a notation is introduced for brevity

ad

For k > 1 a value of ay,x will be undefined or negative, which is contrary to a
physical meaning and indicates that there is simply no upper limit for the values
of a, i.e. the objects will be depicted sharply at the arbitrarily large distance.

Substituting numerical data, we obtain the answers for the particular cases:

k1 = 0,6, Qmin = 7.5 m, Umax = 30 m;

k2 = 3) Amin = 15 m, Amax = OQ.

Grading system

The use of the thin lens formula ........... .. i i s e 2
Obtainment of a geometric relationship for the boundary rays............. ..... 2
The answer in the general form .............. i 2
The numerical answer for the first case............ciiiii i e 2
The numerical answer for the second case.............coii i vun. 2

n
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Senior league

Problem 1. Floating balls
Cwm. 3aza. 1 mun. jurn.

Problem 2. Maximum friction
The sliding friction force is proportional to a segment of the ruler located on
the rough part. Let z be a displacement of the leading end of the ruler beyond the
boundary between the half-planes, then the friction force is

F = pmg - if < L

z
L?
F = pmg, if x> L.

The desired maximum will be in an interval 0 < z < L, as for z < 0 there is no
friction yet, and for z > L the power of the friction force will be less than for x = L,
since when x > L, the friction force no longer grows, and the speed only decreases,
therefore, it is not necessary to consider the case z > L.

We will write Newton’s second law:

ma = —umg - E, from which a+ B9 —o0.
L L

The obtained equation coincides with the equation of oscillations with a cyclic
frequency w = +/ug/L. Of course, the ruler will not make any oscillations, but the
law of its movement in the considered interval will be the same as one of a spring
pendulum brought out from an equilibrium position by a push.

Using the initial values of the coordinate z(0) = 0 and speed v(0) = vg, we will
write dependences of these values on the time:

z(t) = xo sinwt,

v(t) = vo coswt,

where

Vo L
— = o4/ —.
w Hg

Tro =

The absolute value of the friction force power after simplification has a form

2
N:F-v:%”%sin&ut.

These formulas are correct until one of two events occurs: either a stop of the
ruler before it completely crosses the boundary between the half-planes or the full
intersection of this boundary by the ruler.
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In the first case arising under a condition zg < L, which is equivalent to the
condition vy < /gL, the initial and final values of the power are equal to zero, and
the power maximum is observed when sin 2wt = 1. From this we find the maximum

value )
N, — ™% [ng
2 L

w | L
tmax:Z -

1y

and a point of the maximum

In the second case arising under the condition xg > L, which is equivalent to
the condition vg > v/ugL, the ruler will completely leave the smooth half-plane at

the time moment
L . (/gL
tboundary = —— arcsin ( 19 > )
\/ Hg Yo

_ 2
Uboundary = \/ Vo — pugL.

Under the condition tpoundary = tmax, Which is equivalent to the condition
vo < v2pugL, the maximum will be exactly the same as in the first case, and
the condition vy < v/ugL from the first case is completely absorbed by the new
condition. Under the reverse condition tpoundary < tmax, the previous maximum
will not have the time to be realized before a full crossing of the boundary between
the half-planes by the ruler, so, as it was written at the beginning of the solution,
the maximum will be at the moment ¢poundary:

Nuax = pmg - Uboundary = HITGA\/ 0(2) — pgL.

Thus, the final answer has the following form:

while having the speed

2

mug | ug m | L .
—N’mx:_0 7 tmax = — ) f S\/2 L,
a 2 L a 4 119 1 Vo Hng

| L VgL
Nmax = pmgh /vg — ngL, tmax = E arcsin (%) , if otherwise.
]

Grading system
Analysis of the absorbed case vg < /gL (getting the correct answer without
the analysis of the absorbed case, which does not affect the answer,
is considered as luck, therefore, the point is not given without the
explicit analysis) .........oouiui i e 1
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Obtainment of the boundary condition vg = v/2ugL......cocoiiiiiiiiiii ciin 1
The answer for Npax in the case of the small vg ..o oa. .. 2
The answer for tpmax in the case of the small vg..ovvvoiiiiiiiiiiii i oo 2
The answer for Ny ax in the case of the large v ..o oo ool 2
The answer for ¢,y in the case of the large vg ... oo vvieiii i e 2

Problem 3. Water and vapor
We will find the desired total heat capacity according to a definition: as a ratio
of a supplied amount of heat 6@ to the temperature change dT'.
Let V be a vapor volume, then from the ideal gas law (the Mendeleev-Clapeyron
equation)
uPV = mRT,

where p = 18 kg/kmol is the molar mass of water, R = 8314 J/(kmol - K) is the
universal gas constant, after differentiation we arrive at the relationship

wVdP = RmdT + RTdm.

Substituting here a formula dP = aPdT/T from the problem statement, we obtain
the equation

T
uVan? = RmdT + RTdm,

from which, after a repeated use of the ideal gas law, we express a vapor mass

increment:
dT

T

Since the vessel is rigid, the volume does not change and the work is not done,
therefore, all the supplied heat is used for an increase of internal energy (heating
of the water and vapor and evaporation of the water):

dm =m(a—1)

50 = emodT + S%RdT + Adm.

After substituting an expression for dm, we get an answer:

C= Z—CT? —omo + S Am(c; Y _ 500 3/k.
Grading system
The use of the definition of the total heat capacity ....................coo it 1
The use of the ideal gas law. ... 1
The expression of dm in terms of dT ... .. .. e e 3
The expression for §Q .. ... ...t e 3
The answer in a general form ........ ... i e 1
The numerical ansWer. ... ... ... e 1
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Problem 4. Field line

In fig. 3, a point P is the intersection of the field line being considered and
the segment BD. We will apply Gauss’s law for a closed surface formed by the
field lines emanating from the point P and a plane passing through the point A
perpendicular to BD. A charge ¢ = @ - «/L got inside this surface, where @ is
the segment charge. A flux of the field strength vector through the surface formed
by the field lines is always equal to zero, as the field at each point is parallel to
this surface. Since the point A is located at the large distance from the segment,
it can be assumed that the field near the point A coincides with the field of the
point charge located in the middle of the segment, i.e. a continuation of the field
strength vector passes through the middle C' of the segment and due to smallness
of the angle v someone can assume an equality

_ Q
47T€0 . ACQ

E,

to be true at all the points of a circle with a center O and a radius O A, from which
we find the flow through the considered surface:

Q 2 QQQ
®=E, -10A’ = ———— . 1(aAC)* = =—.
Lm0 Ineg. ACZ TOAC) =
Gauss’s law has a form
o=1
Eo’

from which, after substituting expressions for ® and ¢, we get an answer:

o?L
T=—

L/2 D
Fig. 3
Grading system
Usage of Gauss’s law ... ... e 2
The expression for the charge q ... et 2
The expression for the flux @ ... . 3
The AnSWET . . ..ot e e e 3
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Problem 5. Magnetic satellite
CwM. 3ad. 6 MJI. JIArH.

Problem 6. Depth of field
CwM. 3ad. 7 MJI. JIATH.

Problem 7. Oscillations in light
Let the cylinder be rotated by a small angle A

¢ relative to an equilibrium position (fig. 4 B
shows a top view). When reflecting photons,
their momentum in a projection on a tangent to e
a section of the cylinder is conserved, therefore, I
torque does not arise, and when absorbing the
photons, their momentum in the projection on
the tangent to the section of the cylinder is
—~—

transmitted to it, creating the torque M. )
With ¢ <« 1 it can be assumed that the Fig. 4
momentum of the photons absorbed by an AB part of the surface is entirely directed
tangentially and has an arm R relative to the axis of rotation of the cylinder. Let L
be a height of the cylinder, then an area of the projection of the absorbing surface
on a plane perpendicular to the light flux has a form
LRy?
S =LR(1—cosp)~ 290 ;
The returning torque M is calculated using a pressure force F', the momentum
p and the energy E of the photon flux:

E 1S ILR??
M=F R=p-R==.R=-2.R=""%
c c 2¢
The basic equation of dynamics of rotational motion for the cylinder of mass

m = 2rRLo and moment of inertia J = mR? has the form
J-p=M,

from which after a substitution, taking into account a direction of the moment, we

obtain the equation
ILR?

2wRLOR? - ¢ = el -,
2c
which only remains to be written in the reduced form:
I
3 ol -0 =0.
Pt oo 1Pl

The resulting equality is similar to the equation of harmonic oscillations, but
it is not yet. We are not able to solve analytically this nonlinear differential
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equation, therefore, we use the fact that according to the problem statement it
is sufficient only to estimate the period. We assume that the oscillations will be
almost harmonic, then |¢| can be replaced by an average value, for example, a
root mean square, which in a case of the harmonic oscillations is by a factor of v/2
smaller than the amplitude @g. After the substitution we get the equation

, I %o
Yt IreoR V2 =

0,

a solution of which is the oscillations with the desired period:

2 NG
To 2 g [VETOR ke,
I %o I(po

dwcoR ﬁ

Grading system

The final expression for the returning torque ... oent. 4
The equation of dynamics of rotational motion..................oooiiiiiniun. 2
The exact nonlinear differential equation.......... ... e 2

The adequate numerical estimate of the period............ ... ... .. ... .. ..... 2



